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Minimal model of universal viscous liquid dynamics
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When liquids are cooled and crystallization is avoided, their dynamics slow dramatically and the material
eventually solidifies into an amorphous glass. Experiments show that chemically distinct glass-forming liquids
share universal features in both the spectral shape and the temperature dependence of the primary structural
relaxation. We introduce Randium, a generic, energetically coarse-grained minimal model of viscous liquids. The
model, inspired by results from atomistic molecular-dynamics simulations, is implemented on a two-dimensional
lattice with Gaussian-distributed nearest-neighbor interactions. Temperature is the only control parameter, and
at low temperatures, dynamic facilitation and dynamical heterogeneity emerge from simple nearest-neighbor re-
arrangements. The relaxation spectra obey time-temperature superposition, and they reproduce shapes observed
experimentally for chemically distinct systems. The temperature dependence of the structural-relaxation time
follows parabolic scaling, and the relaxation time grows exponentially with the heterogeneity length scale. The
mean-squared displacement collapses onto the universal master curve of the random barrier model. The absence
of elasticity-induced facilitation in Randium shows that this is not required for universal viscous-liquid dynamics.
Other explanations for universal relaxation are discussed in light of Randium.
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Molecular motion becomes slower as liquids are cooled.
If crystallization is bypassed, the system solidifies into a dis-
ordered structure called a glass [1]. At the glass-transition
temperature, the viscosity becomes so large that the lig-
uid ceases to flow. Various experiments have suggested that
chemically distinct glass-forming liquids exhibit generic dy-
namics in their relaxation spectra and temperature dependence
of structural relaxation. Depolarized dynamic light-scattering
experiments by Pabst et al. [2,3] provide striking evidence
for a long-standing hypothesis: The spectral shape associated
with structural relaxation in molecular liquids can be col-
lapsed onto a common shape [2—19].

In this Letter, we aim to provide a framework for explain-
ing the generic relaxation of highly viscous liquids. To this
end, we are inspired by atomic and molecular simulations
[20-23], which show that, when the glass transition is ap-
proached, particles (atoms, molecules, or colloids) become
temporarily confined on short timescales in a “cage” formed
by their neighbors and can only rattle within it. On a longer
timescale, a small group of neighboring particles may move in
a coordinated way, temporarily shifting their positions relative
to one another. These collective flow events can allow parti-
cles to escape their cage; however, most rearrangements are
reversible: After a brief displacement, the particles return to
essentially the same local configuration and no lasting trans-
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port occurs. In rare cases, a rearrangement does not reverse. A
sequence of such mutually facilitating events can build up into
a cascade that carries the system over a free-energy barrier, at
which point the structure changes enough that the system loses
memory of its initial configuration.

Due to the separation of timescales between cage vibra-
tions and collective rearrangements, the dynamics can be
viewed as jumping between local minima in a coarse-grained
energy landscape [24]. In this picture, the dynamics are de-
scribed as a complex Markov chain of fundamental flow
events. We propose the following minimal criteria for a model
of the energy landscape of a viscous liquid: (1) The thermo-
dynamics of the model should capture the inherent energies
of real systems, typically Gaussian [22,23]; (2) the model
should have a sense of space, capturing that fundamental flows
are confined to a local rearrangement [24-32]; (3) dynamics
should be an intrinsic property, i.e., independent of system
size; and (4) there should only be a single thermodynamic
parameter in accordance with isomorph theory [33-36]. We
conjecture that these rules constitute a family of models with
universal viscous liquid dynamics. Below, we construct such
a model.

A central question is whether a simple model with the
above features can capture the physics of real molecular
systems. Competing views emphasize long-range elasticity-
induced facilitation in glass-forming dynamics [37-—43], a
mechanism excluded from our minimal rules. Below, we in-
troduce Randium (an idealized model lacking long-ranged
elastic facilitation) and show that it reproduces generic
dynamics of highly viscous glass-forming liquids. Thus, elas-
ticity is not required to explain universal viscous liquid
dynamics. In Randium, free-energy barriers (or traps), spa-
tial dynamic facilitation, and dynamical heterogeneity emerge
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Pair energy

FIG. 1. Illustration of the Randium model. The values inside
each particle represent the particle type. The color of the line between
neighbor particles represents the energy of that type pair. For clarity,
this figure shows an 8 x 8 lattice while the presented results are for
a 192 x 192 lattice.

without being imposed. This differs from kinetically con-
strained models (KCM) [14], which enforce local kinetic
constraints. It also differs from trap models [29-32], which
assume an a priori distribution of trap depths. By reproduc-
ing glass-forming universality without explicit constraints,
Randium provides an intrinsic, energetically grounded route
to facilitation and heterogeneity. The following sections define
the model, present the results, and discuss their implications
relative to other proposed mechanisms.

Randium. Consider a two-dimensional (2D) square lattice
with periodic boundary conditions (Fig. 1). Let there be L lat-
tice points in each direction, and populate each point with one
particle, so the total number of particles is N = L?. Let (x,, y,)
be the position of particle n. Assign it the type m,, out of a total
number of M types giving = N!/((N/M)") microstates.
The energy of a microstate is given by the sum of 2N interac-
tions between nearest neighbors in the lattice. On this level,
each lattice site represents a local inherent structure of the
underlying molecular, atomic, or colloidal system. A neighbor
interaction encodes the interaction between two local inher-
ent structures, i.e., the free-energy cost associated with their
mutual arrangement. This provides a coarse-grained represen-
tation of the energy landscape in which the total energy is a
sum of local contributions. Because each local configuration
reflects many microscopic degrees of freedom, the resulting
effective interactions are taken to be random and Gaussian
distributed in agreement with observations in molecular sim-
ulations [22,23]. In short, the complex energy landscape is
replaced by a spatially organized network of random energies
[44,45]—replacing complexity with randomness. To this aim,
we define an M x M interaction matrix / where elements are
drawn from the standard normal distribution,

P,,) = exp(_ljv/z)/m’ (D

while ensuring that the interaction matrix is symmetric 1, =
I,,. Without loss of generality, we use natural units where

the standard deviation of the energy distribution is 1. The
Hamiltonian can then be written as

H=>" lun,. 2
(i)

where m; is the type of the particle at position (x, y) and m;
is the type of one of the four nearest neighbors. In the limit
where both N and M go to infinity, Randium exhibits trivial
Gaussian thermodynamics [44,45], with an expected energy
given by (E) = —2Nf, where f is the inverse temperature.
We note that for real systems the Gaussian is an approximation
with a possible cutoff at low energies [46] that may result in
an ideal glass state [47].

Dynamics is defined through Monte Carlo (MC) sim-
ulations with nearest-neighbor swap attempts, employing
Boltzmann’s acceptance criterion. A nearest-neighbor particle
swap represents a local collective rearrangement connecting
two inherent states of the underlying fine-grained system. (In a
fine-grained reference system, such a rearrangement typically
involves tens of particles [26].) This results in local rearrange-
ments where back-jumps are likely. The unit of time is defined
as one attempt per particle of the model.

Conveniently, the system can be efficiently equilibrated
when N = M, with unphysical swaps of particle identities
(i.e., including MC attempts where particle type is changed).
Both types of dynamics can be implemented using a paral-
lelizable algorithm, allowing for efficient calculations on a
graphics processing unit. This is essential, since it allows for
the study of long timescales canonical for viscous liquid dy-
namics. Below, we present results with local particle swaps for
a system size of N = M = 36864 (L = 192) using between
2 and 512 independent initial configurations. For this system
size, one million swap attempts per particle on an NVIDIA
GeForce RTX 4070 take about 5 min. A Python implementa-
tion is available in Ref. [48].

Before continuing our investigation of the properties of
Randium, we note that the framework can be generalized
to other spatial dimensions, and rules for connecting lattice
points. We leave such investigations to future studies.

Results. To monitor dynamics, we define the overlap, O(¢),
as the fraction of sites that are occupied by the same particle
after a time interval r. Let Q(t) = (O(¢)) be the overlap func-
tion averaged over initial configurations. Figure 2(a) shows
Q(t) for inverse temperatures (8’s) ranging from 0 (dark red)
to 2 (dark blue). At high temperatures, the relaxation is nearly
exponential (black dashed), whereas at low temperatures, it
resembles a stretched exponential with an exponent of % (red
dashed): Aexp(—+/t/ty), where A >~ 0.98 and 1, is highly
dependent on S. In the frequency domain, this corresponds
to a minimum slope of the main relaxation peak of —%,
consistent with dielectric experiments [49] and found in a
one-dimensional KCM [50]. At the lowest temperatures, the
empirical stretched-exponential fit suggests that a plateau de-
velops due to particle back-jumps. This explains why A is
slightly less than 1. Interestingly, as shown in Fig. 2(b) by
plotting log,,(1 — Q(¢)), there is no universal plateau value.

In agreement with experimental results [13], the dynamics
at low temperatures shows time-temperature superposition.
To show this, we define a characteristic relaxation time t

L032028-2



MINIMAL MODEL OF UNIVERSAL VISCOUS LIQUID ...

PHYSICAL REVIEW RESEARCH 8, 1032028 (2026)

1.00

0.75 1

0.50 A

Overlap, Q

0.25 A

SN HNTR S
R
ST NN

HOO00000000

0.00
10° -

1073 4 T T T T
1074 1072 10° 102 104 10°
Time, t

108

FIG. 2. (a) Overlap order parameter, Q(¢), as a function of time
for inverse temperatures ranging from 8 = 0.0 (dark red) to 8 = 2.0
(dark blue). A characteristic relaxation time, 7, is defined as where
the overlap order parameter is % (gray dashed). At high temperatures
(reddish colors), the relaxation is near-exponential (black dashed):
exp(—2t) (see Appendix for high-temperature predictions). At low
temperatures (bluish colors), the relaxation is closer to a stretched
exponential with exponent % (red dashed): Aexp(—+/t/t), where
A =098, 1, = t/[In(24)]?, and O(t) = 1 (red dashed: #, = 7600

matching Q(¢) = 0.5 for 8 = 1.4). (b) loglzo(l — Q0()).

(referred to as half-life in the following) as the time when half
of the lattice sites (on average) have undergone a change,

0(r) = 1. 3)

Figure 3(a) shows that for the lowest investigated tempera-
tures, Q(¢ /1) collapses to a universal relaxation curve (orange
dashed). Figure 3(b) displays [1 — Q(¢/7)] on a logarithmic
scale. Interestingly, the scale-invariant relaxation curve is not
a stretched exponential (compare to the red dashed curve).
How does the shape of the relaxation curve of Randium
compare to the generic relaxation of experimental data on
molecules? To answer this, we reanalyze depolarized dynamic
light-scattering data presented in Refs. [2,3]. Figures 4(a) and
4(b) show that the empirical data follow the universal curve of
Randium. Elmatad, Chandler, and Garrahan [51] have shown
that, at low temperatures, the relaxation time of molecular
systems follows a parabolic scaling, ©(T) = 19 exp(J*(8 —
B0)%), in agreement with Randium (see blue dashed line in
Fig. 5). The dynamical range from high-temperature dynam-
ics to the glass transition for molecular liquids typically spans
15 orders of magnitude (10~'3 s at high temperature to 10 s
at the glass-transition temperature). From this, we estimate
the inverse glass-transition temperature of Randium to be
B, = 2.16 (see + in Fig. 5). The Angell fragility index at the

glass-transition temperature, here defined as m = %| Be

giving m = ZJQ,BS%(I — B4/ Bg)/ In 10, is 43—within the range
of typical molecular glass formers (this value will likely de-
pend on lattice connectivity).

Figure 6(a) shows the mean-squared displacement (MSD)
for a range of temperatures. At low temperatures, the MSD

0.6 1

0.4 1

Overlap, Q

0.2

i nnn
PRERee
oNoU s

™

0.0
10°

1072 4

0

108 1076 107 1072
Scaled Time, t/T

10° 102

FIG. 3. (a) The overlap order parameter Q(¢ /7 ) and (b) log,,(1 —
Q(t/t)) as a function of scaled time. The orange dashed curve
indicates a universal curve that Q(¢) approaches at intermediate and
long times. For comparison, the red dashed is a stretch exponential
(same as red dashed in Fig. 2). The universal relaxation in not a
stretch exponential (but it serves as a useful proxy). The inset com-
pares Randium (dashed orange) to the mean persistence of the trap
model (TM) [29-32] with the energy (E > 0) distribution P(E) =
exp(—E*®) (solid red: « = 1.0, 8 =0.955, and 7 = 1.4 x 10°; solid
green: o = 1.5, B =3.2, and 7 = 1.7 x 10%; solid blue: o = 2.0,
B =55, and 7 = 1.2 x 10°; dashed blue: « = 2.0, 8 = 2.0, and
t = 5.4). The relaxation of TM differs from that of Randium (for
the investigated parameters), since TM exhibits fat-tailed dynamics
at low temperatures due to the absence of facilitation, which inhibits
relaxation of low-energy traps [41-43].

PMIM-N[fé| v m»éolui‘d\rr\‘e h

d water+Li tributyl phosphate
0-4 ethanol x ;anopy lene carbonate
1-propanol -methyl tetrahydrofuran
2-ethyl-1-hexanol

triphenyl phosphite
5-methyl-2-hexanol D(? 04

+ 7
1—phen){l—17propanol @® DC705
glycerol Randium

C(t)

o
N
1
PONN*

1-C(t)

104 1073 1072 107t 100 10t 102
Scaled time, t/T

FIG. 4. Comparing the relaxation of Randium (orange dashed)
with molecules measured by depolarized dynamic light scattering
[2,3]. For the experimental data, C(¢) is the macroscopic dipole cor-
relation, while for Randium C(¢) = Q(¢). In both cases, it quantifies
relaxation, decreasing from 1 to 0 as memory is lost. The agreement
is excellent.
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FIG. 5. Temperature dependence of the relaxation time, T =
7(B). The red (rp =In(2), A =3/2) and green dashed lines are
predictions for the high-temperature limit (see Appendix). The blue
dashed line is a parabolic scaling of kinetically constrained models
[51], 7, exp(J*[B — B,I*), with 7, =50(1), J =4.3(1), and B, =
0.93(3) (parentheses indicate the error on the final digit). By extrap-
olating, the inverse glass-transition temperature is estimated to be
B, = 2.16 (defined as t(B,) = 10'*). The inset shows decoupling of
two timescales, here half-life T and self-diffusion D, at low tempera-
tures (8 > 1).

displays the characteristic caging behavior of glass-forming
systems. Surprisingly, the dynamics are accurately captured
by the random barrier model (RBM), despite the absence
of explicit barriers in the model construction. Figure 6(b)
demonstrates this by showing that the RBM scaling procedure
collapses all MSD data onto a common master curve.

In summary, Randium reproduces time-temperature super-
position, the universal relaxation spectrum, and the universal
shape of the structural relaxation time (7(8)) of molecular
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FIG. 6. (a) Mean-squared displacement of Randium particles for
B = 0.0 (dark red) to 8 = 2.0 (dark blue). The dashed red lines show
the analytical MSD of the RBM (see Ref. [52]). (b) RBM scaling plot
of the Randium MSD, demonstrating excellent agreement between
Randium and the RBM. The axes are scaled using the diffusion
coefficient D and a scaling parameter c¢. The diffusion coefficient is
obtained from the long-time limit of the MSD, while ¢ is chosen to
provide the best overall collapse of the data.

systems. We refer to these properties as the intrinsic viscous
liquid dynamics.

Discussion. Why does a simple model, here exemplified
with Randium, reproduce the intrinsic viscous liquid dy-
namics of molecular systems? To answer this, recall that
dynamical heterogeneity [27,28,53] plays a crucial role in
understanding viscous liquid dynamics. Specifically, at low
temperatures, there are regions of space where particles re-
lax quickly and regions where structural changes are more
sluggish. This results in dynamical heterogeneity-induced
decoupling of timescale (exemplified by Stokes-Einstein
breakdown [54]), at low temperatures, as reproduced by
Randium: The inset in Fig. 5 illustrates this. The panels in
Fig. 7 show the sites whose particle type has changed (black)
after a time t = 7. Interestingly, as temperature is lowered
(increase of B), the cooperatively rearranging regions increase
in size, as suggested by Adam and Gibbs [55]. Figure 8(a)
shows that the heterogeneity length scale £ increases more
than a factor of 4 in the investigated temperature range (see
the legend of Fig. 8 for the definition of &). To a good ap-
proximation, the relaxation time grows exponentially with the
heterogeneity length scale, see black dashed line on Fig. 8(b).
An extrapolation suggests that at the glass-transition tempera-
ture, the length scale is increased by a factor of 6.

What is the origin of dynamic heterogeneity in Randium?
To answer this question, consider a low-temperature configu-
ration with favorable nearest-neighbor interactions. When two
particles swap, each of them retains one neighbor but gains
three new ones, whose interaction energies are drawn from the
P(l,,) distribution and are therefore likely to be unfavorable at
the given temperature. Thus, particles tend to swap back—the
particles are trapped [29-32]. However, in rare events, the
initial swap may facilitate nearby swaps, allowing particles
to find new neighbors with favorable pair energies (escaping
the trap). This will involve the rearrangement of a region of
particles, creating a region of enhanced mobility. This mo-
bile region may facilitate dynamics in nearby regions since
particles in that region now have new possibilities of meeting
new neighbors with potentially favorable neighbors. This is
similar to what happens in a molecular liquid, where local
rearrangements of molecules can trigger cascades of coopera-
tive motion, leading to regions of high mobility embedded in
an otherwise rigid structure.

How does Randium compare to other proposed explana-
tions of generic viscous liquid dynamics? Historically, the
first descriptions are empirical approaches such as fits to
a stretched exponential [4,7] in the time domain or the
Cole-Cole fit in the frequency domain [5,6]. More theoret-
ically founded approaches include KCM models [18], spin-
glass models [44,57-63], energetic barrier and trap models
[9,30,32,41,52,64,65], elastic models [37,42,66], and the re-
cently proposed hypersphere model [19]. Randium builds on
the idea of an intrinsic energy landscape put forward by Gold-
stein in 1969 [24]. In particular, the distinguishable-particle
lattice (DPL) model by Lam and co-workers [12,16,67] and
the lattice gas on a random energy landscape in three dimen-
sions [68] are closely related. Like Randium, these models are
defined as particles on a lattice—Unlike Randium, dynamics
are defined as particles moving into a void, like in the kids’ toy
15-Puzzle [69]. The motivation for this dynamics is stringlike
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FIG. 7. Spatial distribution of relaxed regions at t = t for a range of 8 values. Black corresponds to a site where the particle type has

changed, and white to a site where it is unchanged.

motions seen in computational studies of atomic glass formers
[20,25]. Randium is unpretentious in the sense that it elimi-
nates both the explicit kinetic constraints of KCM and the void
defects inherent to the DPL model. Randium is characterized
by a single thermodynamic control parameter (temperature),
which makes it an ideal candidate as a minimal model [13]
within isomorph theory [34-36] and single-parameter aging
[70,71]. We leave such investigations to future work.

In summary, we have introduced Randium—a minimal
model grounded in physical insights from atomistic sim-
ulations and experiments. We have shown that Randium
successfully reproduces the intrinsic viscous liquid dynamics
observed in such systems. This suggests that Randium belongs
to a broader class of models governed by similar physics. We
conjecture that this class includes variations of Randium with
different connectivity, such as a simple cubic lattice in three
dimensions, as well as alternative distributions of neighbor
interaction energies. We conjecture that the precise realization
of a Randium-like system has little influence on the universal
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FIG. 8. (a) Reduced length scale £/& (& =&(B =0)) of
dynamical heterogeneity at r = t (Fig. 7) estimated from an ex-
ponential fit (exp(—r/&)) to the “spin-spin” correlation function,
G(r) = (0; joi j+r), Where o; ; = —1 if the site is unchanged, and
0;,j = +1 otherwise (inspired by analysis of the 2D Ising model
[56]). £/&; is shown vs reduced inverse temperature B/f,. (b) The
reduced length scale (§ /&) as a function of relaxation time log,,(7).
The black dashed line is a fit to T = aexp(b€ /&;) where a = 4.7 x
10~* and b = 6.7 , suggesting that & /&, = 6 at the glass-transition
temperature (t, = 10'%).

dynamical behavior, aside from trivial scaling factors. Finally,
since Randium is significantly simpler than the inherent en-
ergy landscape that can be constructed for molecular systems,
it offers the possibility of connecting to more fundamen-
tal, analytically tractable models [30,41,52,60]. In this sense,
Randium serves as a stepping-stone framework, bridging real-
istic molecular models with highly idealized approaches such
as the random barrier model (see Fig. 6), the trap model [see
inset in Fig. 3(b)], or KCM (blue dashed line in Fig. 5). We
leave such investigations to future studies.
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Appendix: High-temperature dynamics. To make a theo-
retical prediction for the half-life ¢ at infinite temperature
(B =0), we may consider the dynamics of Randium as a
lattice gas of noninteracting particles. In each step, two sites
out of N > 1 are selected at random and swapped. Thus,
the probability that a given site participates in an update is
%, while the probability that it remains untouched is 1 — %
After k steps, the probability that a given site has not yet been

updated is
2\ k
Qk) = (1 . ]V) .

For N — oo, this simplifies to

O@) =exp(=2t) K1),

where t = k/N is the definition of time (see black dashed line
in Fig. 2). Atlong times, a given particle makes a random walk
on a square lattice, and Q(¢) is given by the return probability
of a two-dimensional Gauss distribution,

1
o) = e @ >1).

(AD)

(A2)

(A3)

Let 7y be the time required for half of the sites to remain
unvisited (at 8 = 0), i.e., Q(1p) = % From Eq. (A2), we get

70 = In(+~/2) ~ 0.35 (B =0). (Ad)
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To provide a description for the inverse temperature (8) de-
pendence, we assume an Arrhenius law, T = 15 exp(B8A). We
find empirically that A = 3/2,

t=In(v2)exp(38/2) (B — 0) (A5)

(see red dashed line in Fig. 5). A more accurate empirical
description is

T =In(v2)exp3(B+°)/2) (B—0)  (A6)
(See green dashed line in Fig. 5).
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