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While hard-sphere models form the foundation of theoretical condensed matter physics, real systems often
exhibit some degree of softness. We present a theoretical and numerical study of a class of nearly hard-sphere
systems, generalized Hertzian hyperspheres, where particles interact via a finite-range repulsive potential that
allows slight overlaps. Well-studied examples of this class include particles with harmonic repulsions, Hertzian
spheres, and Hertzian disks. We derive closed-form expressions for thermodynamic properties, coexistence
pressures, and scaling laws governing structure and dynamics. The theory predicts how quantities scale with
temperature, density, spatial dimension, and potential softness. These theoretical predictions are tested through
numerical simulations in dimensions ranging from one to eight.
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I. INTRODUCTION

In this work, we investigate generalized Hertzian hyper-
spheres, constituting a family of nearly hard spheres. Hard
spheres play a fundamental role in understanding matter. They
represent a simplification of more complex interactions that
allow for simpler explanations of fluids’ and solids’ structural
and dynamic characteristics. Notable examples are the kinetic
theories of gases pioneered by Bernoulli [1], Bernal’s mod-
els for atomic packing of liquids [2], the seminal numerical
simulations by Alder and Wainwright demonstrating crystal-
lization [3], and the perturbation and integral equations of
simple liquids developed in the 1960s [4]. The hard-sphere
reference has generally been used to describe atomic, molecu-
lar, and colloidal systems. The packing of spheres is of interest
outside of physics as a fundamental problem in mathematics
[5-7] and in computer science related to error corrections
[8,9]. In these fields, the interest is not limited to two or
three dimensions but extends to hypersphere packing in higher
dimensions. This is the direct motivation to consider hyper-
spheres in higher spatial dimensions, but more importantly,
high dimensions serve as exploration and development of the
theoretical predictions [10-14].

Here, we consider nearly hard spheres where slight over-
laps are allowed. For example, this could be elastic spheres
[15-18] that may deform upon contact. Specifically, we con-
sider thermal particles with a diameter of 1, where the pair
energy of two overlapping particles is defined as [1 — r]*
(r < 1). Here, r is the distance between particles and o is
a softness parameter. When the temperature is 0 < 7 < 1,
small overlaps are allowed. We refer to this class of systems
as generalized Hertzian hyperspheres [19-39] in recognition
of the elastic contact theory by Hertz [15,16].

In what follows, we present closed-form theoretical predic-
tions for thermodynamics, the coexistence line, and scaling
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laws. The theoretical predictions are in excellent agreement
with numerical calculations in 1-8 dimensions and various
softness ().

The remainder of the paper is structured as follows. In
Sec. II, we introduce the class of generalized Hertzian hy-
perspheres, review relevant realizations investigated in the
literature, and describe the numerical simulations conducted.
We derive closed-form expressions for thermodynamic prop-
erties in Sec. III. Section IV demonstrates how the shape
of the coexistence line can be predicted using a hard-sphere
mapping. In Sec. V, we investigate scaling laws for structure
and dynamics based on hard-sphere mappings and isomorph
theory. Finally, Sec. VI summarizes our conclusions.

II. GENERALIZED HERTZIAN HYPERSPHERES

We define the family of generalized Hertzian hypersphere
systems as follows: Consider N particles in d-dimensional
space. Let R = (ry, r, ..., ry) be the collective coordinate
vector (with dN elements) of particles confined in a finite
volume V = L¢ with periodic boundaries (the surface of a flat
hypertorus), where L is the length of the sides in a hypercube.
The density is p = N/V. Let the potential energy surface be
given by a sum of pair potentials

N

UR) =Y 0(rum), )

n>m

where r,,, = |r,, — r,| is the pair distance between particle n
and m. In this study, we limit ourselves to pair potentials of
the form

v(r)=[1—-r]*forr <1 2)

and zero otherwise (Fig. 1). Here and throughout the paper, we
use reduced units, where the particle diameter, the Boltzmann
constant, and particle masses are all unity.

The generalized Hertzian hyperspheres represent a vast
class of systems. A handful of special cases are well-studied:
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FIG. 1. Pair potentials, v(r), of generalized Hertzian hyper-
spheres, Eq. (2), for softness parameters, «’s, investigated in this
study.

Hertzian spheres [29,31-38] are given by d = 3 and « =
and Hertzian disks [19-28,40] are given by d = 2 and @ = 3.

The exponents o = % and ¢ = % results from the repulsion of
two slightly deformed elastic spheres or disks [35,39] as fa-
mously derived by Hertz [16]. Hertzian spheres are commonly
used to model colloidal suspensions [10,12,29,33,41,42].

Other well-studied systems are the repulsive harmonic po-
tentials, o = 2, in two, three, or higher dimensions [33,37,43—
51]. The exponent o = 2 is often used as a low-temperature
approximation for other potentials like the noted Weeks-
Chandler-Anderson (WCA) potential [52-59]. The WCA
potential is central in theories of simple liquids. The o =
2 parametrization is also commonly used in coarse-grained
modeling of molecular systems, such as in the dissipative
particle dynamics method [45,46,48-50]. At sufficiently low
densities and temperatures, spheres rarely overlap (r < 1)
since Boltzmann factors become large. Thus, in that part of
the thermodynamic phase diagram (including a part of the
coexistence line), the system approaches that of hard spheres
with diameters o = 1.

)

[EN]\S]9)

A. Numerical simulation

The numerical simulations presented are conducted us-
ing the software packages RUMD [60], gamdpy [61], and
dompap [62], which offer fast computations by being highly
parallelized. From an initial state (R and R using Newton’s
notation for time derivative), we construct trajectories, R(z),
within the canonical ensemble (constant NV T') by integration
of the Langevin force equation:

R(t) = —VU(R()) — ER(1) + /26 Tn(t), 3)

where —VU (R(2)) is a force vector, & is a friction coefficient,
and n(¢) is a vector of delta-correlated Gaussian white noise,
where the elements have the property

i) =0, (nit)n;(t")) = 8;8(t —1"). €]
The Langevin equation is discretized in time using the Leap-
Frog G-JF algorithm [63].

To analyze trajectories, we compute structural and dynam-
ical observables besides thermodynamic properties. Let

r@pzfmﬂ*mm—nm 5)
0

be the gamma function with the properties I'(1) = 1, F(%) =
/7 and T'(z+ 1) = z[(z). If the probability of finding a
particle at a distance r from another particle is h(r) =
1iv Zi,vm 8(r — ryp) (where §(...) is an approximation of
Dirac’s delta function), then the radial distribution function
is defined as

h(r)
g(r) = W, (6)
where
5= 22 %
r(s)

is the surface area of a d-dimensional unit sphere (radius
one). Specifically, S} =2, S =2m ~6.3, S35 =4m ~ 13,
Sy =2m? ~ 20,8 =73 ~31,and Sy = w*/3 ~ 32.
Another structural measure is the static structure factor. If
Pq = ﬁ >, exp(iq - r,) is the collective density field [the

Fourier transform of the real-space density, p(r) = Zflv S(r —
r,)], then the static structure factor is

S(q) = |p(q)*. ®)

For fluids, the structure factor only depends on the length of
the wave vector, g = |q|; thus, all information is contained in
S(q).

To investigate dynamics, we compute the mean-squared
displacement,

R (1) = (Ira(t') — r,(t' — 1)), ©

The diffusion coefficient is computed from the long-time
limit:
R (1)

D= lim . (10)
t—oo 2dt

Figures 2(a)-2(f) show g(r)’s for representative simula-
tionsin 1, 2, 3, 4, 6, and 8 spatial dimensions (d), respectively.
To compare results for different densities and spatial dimen-
sions, we introduce the characteristic length

r=p Ve, (11)

Figure 2 presents temperature 7 = 0.01 results and densities
corresponding to A ranging from 0.8 to 1.25. At low densities,
the radial is similar to the Heaviside step function H(r — 1),
while medium-range structures appear as peaks in g(r) when
density increases. This structure is more pronounced at low
spatial dimensions than at high spatial dimensions. While
simulations in 2 and 3 dimensions are common, simulations
in higher dimensions are rare [10,64—70] (a representative list
of references).
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FIG. 2. Radial distribution function, g(r), for hyperspheres in different dimensions (d) with o« = 2 at temperature 7 = 0.01. The initial
sphere positions are assigned randomly and equilibrated. Each panel depicts g(r) after equilibration.

III. THERMODYNAMICS

A. General theory

In general, the partition function for configurational de-
grees of freedom is given by

N
Zeonf = /N Hdrn €Xp _Zv(rnm)/T
v n=1

n>m

(12)

However, when collisions are uncorrelated, we can treat

interactions in a mean-field way and write the partition
function as

N

Zconf =7, 5

S

(13)

where Z; is the partition function of a single particle moving
in the potential vs(r) of all other particles frozen in space. We
refer to a particle as free (r > 1) if the shorted distance to
any other particle is larger than one and overlapping (r < 1)
if the distance is shorter than the kissing (r = 1) distance of
1. In effect, Z; has two contributions, one where the moving
particle is free, Z,, and one where it overlaps with another
particle, Z;:

Z,=Zy+ 7. (14)
The former is the free volume where a tagged particle never
touches another particle. In the low-density limit, where the
system approaches an ideal gas, the free volume approaches
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the entire volume. Thus, the free volume (per particle pair) is
Zo— p~ ' (p—0). (15)

Another approximation can be achieved by subtracting the
volume excluded by other particles:

Zo=p ' =V, (16)

where V; is the volume of d dimensional hypersphere with
diameter 1,
s

Vi=——
T2 (d )

a7

Specifically Vi =1, V, =7, V3 =%, Vu = %, and so on.
When the density is at or slightly lower than a given close-
packed structure, the free volume for the tagged particle will
be that of its local cage. Thus, we suggest it can be approxi-
mated with

Zy >~ ,0_1 - ,Oc_pl, (18)

where V., = N ,oc’p1 is the volume of the close-packed struc-
ture of relevance. (For reference, we note often the packing
fraction

NV,

v 19)
is sometimes used to give the compactness of the system.
Then o, = "V—Z’, where 7, is the packing fraction of the close-
packed structure). For rods on a line, the close packing density
(pcp) 18 prods = 1 (d = 1). In the plane (d = 2), hexagonal
packing of disk, with ppex = % ~ 1.16, gives the close pack-
ing density [5]. The crystalline structures in three dimensions
(the fcc, hep, and related lattices) [6] have a close-packed
density of pg. = V2 ~ 1.41, while so-called random close
packing [2,71] is prp = 1.22 (d = 3). In four-dimensional
space (d = 4) the D4 lattice is the densest known packing
[8,70] with a density of pps = 2. The E6 lattice is the dens-
est known packing in six spatial dimensions (d = 6). For
an eight-dimensional space (d = 8), Viazovska has recently
provided a rigorous proof [7] settling that the ES8 lattice, with
pes = 16, yields the densest possible packing of hard hyper-
spheres.

The latter term in the single particle partition function
Eq. (14) accounts for particle overlaps (r < 1). This is given
by the integral within a unit sphere

n

Zi = / e(rydr., (20)
Va
where
e(r) = exp(—=v(r)/T) 2y
is the pair-potential Boltzmann probability factor and
dr = S;r¢'dr (22)

is the volume element of a spherical integration.
In the low-density limit, the expectation value of the pair-
wise quantity A(r), which is zero for r > 1, is given by [58]

(A)

= Z /Vd A(r)e(r)dr, (23)

where the factor % accounts for double counting of pairs.
As an example, A(r) can be considered the pairwise energy
v(r) [Eq. (2)]. Then, the previous integral would give the

expectation value of the potential energy per particle,
(v) = —, (24)

where U is the expectation value of the system’s poten-
tial energy. Another option is to let A(r) be the pair virial
defined as

r dv(r)

=—— 25
w(r) 7 dr (25)

that for the generalized Hertzian hypersphere pair potential is

ar a1
w(r) = 7(1 —r) forr <1 (26)
and zero otherwise. The above integral would yield
w

= —, 27
(w) = — 27

where W is the viral gives the configurational contribution to
the pressure p,

p=pT +(w). (28)

Moreover, Eq. (23) can be used to evaluate the thermodynamic
response functions. As an example, consider the specific iso-

choric heat capacity,
1 (0E
ov=—\7=] - (29)
N\JT /y,

where E = (U) + (K), (U) =N(v), K = Y0 3|k, is the
kinetic energy and |r,| is the speed of particle n drawn from
the Maxwell distribution. In the canonical ensemble

o d
ov=5t o (30)
where
oy = (V%) — (v)° 31)

is the variance of the energy fluctuations. Inspired by
Refs. [58,72-75], for simplicity, one may consider the low-
density limit, p — 0, where Z; — 0. We can neglect terms
that involve the multiplication of expectation values since
terms involving a single expectation value scale are 1/Z;. In
contrast, terms that involve multiplying expectation values
scale as 1/Z2. Thus, 0> — (v?) for p — 0, and the isochoric
heat capacity can be simply evaluated as

(v?)

To evaluate the thermal pressure coefficient,
ap
=|— ., 33
Bv ( 5T )v (33)

we need the pressure [p; Eq. (28)] that involves (w). Thus,
to assess thermodynamic properties in general, we need to
evaluate

Lyoij

, 34
27, (34

(wh!) =
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where
lioij = fv [w () To(r)Pe(r)dr. (35)
For T — 0, this integral simplifies to (Appendix A)
Ligij = Sqd~'a' "' T*iT(Jij) (T —0),  (36)
where

1—1i
Juij=i+j+ o 37

As an example of usage, the overlap part of the par-
tition function (Z, in Z; =Zy+ Z;) can be written as
Zy = Ljaoo, OF

1

Z = Sﬂh(-) (T = 0). (38)
(07

The expectation value of energy,

I
(v) = g"‘z‘”, (39)
evaluates to
S,T!+ar (L
W= m—z() (40)

Similar expressions are straightforward to evaluate for quan-
tities such as (u?), (w), (w?), or (wu). This allows for the
evaluation of other thermodynamic properties, such as the
excess specific heat capacity, ¢ = cy — ‘5’. From Egs. (32)
and (34), we get that ¢} = Ija02/2Z; or

S;pT(24+ 1)
cf}‘:%T; 1)

if Z, = p~!. Thus, the softness («) dictates the exponent, o’ =
é in ¢y « TY, of Rosenfeld—Tarazona scaling [76-79].

In the following subsections, we compare theory with nu-
merical simulations. One caveat of the present theory for
thermodynamics is that the approximations for Z; ignore
many-body correlations in particle positions. While crude,
they are valuable in explaining how energy scales with tem-
perature and density in particular parts of the phase diagram
(see later, we suggest applying). For a refined theory ideas
from Scaled Particle Theory [80,81], Density Functional
Th eory [82,83], or the Percus-Yevick approximation [84-87]
of the Ornstein-Zernike equation [88,89]. We leave such in-
vestigations to future studies.

B. Two rods with harmonic repulsion

First, we investigate harmonic repulsive rods with d = 1
and o = 2. For the sake of simplicity, consider only two
rods (N = 2) at temperature 7 = 0.01 and p = 0.8. Figure 3
shows the pair distance in a numerical simulation of the
canonical ensemble. The volume of this system is V = 2.5,
and from both Egs. (16) and (18), we get Zy = 0.5. For this
trivial case, Eqs. (16) and (18) are not approximations, and
Z, = 2/ T. The probability distribution of the pair distance

® Simulation
mmmm Analytical

d=1,a=2,N=2,
p=0.8and T=0.01

Distribution, p(r) = e(r)/Zs

©c o = = N N W
o (6] o (S,] o [6,] o
! L 1 L 1 1 1

0.8 0.9 1.0 1.1 1.2
Pair distance, r

o
N

FIG. 3. Distribution of pair distance of two harmonic repulsive
rods (o« = 2; d = 2) at temperature 7 = 0.01 and density p = 0.8.

is h(r) = e(r)r¢~'S,/Z, that, for this system, is

_ _ 2
h(r) = e>i1>1( [1 ]r] /T)
p~' =1+ 5+/nT

forr <1 42)

and 1/Z; for r > 1. Figure 3(b) compares h(r) of numerical
simulation with the analytical Eq. (42). The expected value of
energy,
JrT?
() = — (43)
p~' =1+ 34nT

and other statistical properties are trivial in this simple case.

C. Hyperspheres with harmonic repulsions

Thermodynamics is not trivial for the general case of hy-
perspheres with harmonic repulsions (¢ = 2). The potential
energy per particle [Eq. (40)] for harmonic repulsions (¢ = 2)
is in general

_SaVT s
) =271 @=2) (44)
and
(v) = (”2? (@=2d=3) 4s)

in three dimensions (d = 3). To investigate the validity of this
expression, we conducted simulations of spheres (d = 3) in
the fluid state [Fig. 4(a)], and for the fcc crystal [Fig. 4(b)] in
a range of temperatures from T = 107> to 10~!. For low tem-
peratures and low densities (the fluid), the energy [Fig. 4(c)]
scales as T'3. This scaling appears as a consequence of Z; =
o~ ! [thin dashed on Fig. 4(c)]. At intermediate densities, say
p = 0.8 (teal), however, Z, = Z, + p~! — V, gives a better
prediction since there is a significant excluded volume. At
high densities, in the crystal, (o = 1.41), the energy scales
as T. To explain this, we suggest using Z, = Z; + p~! — pfzcl
[the dash-dot lines on Fig. 4(c)]. If p =~ pg, then this simpli-
fies to Z; >~ Z,. Since Z; scales as T [Eq. (38)], then Eq. (44)
dictates that (v) scales as T'.

Many-body correlations can be neglected at low densities,
making the theoretical prediction more accurate. For example,
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FIG. 4. (a) Radial distribution functions, g(r), for spheres (d =
3) with harmonic repulsions (¢ = 2) in fluid state points computed
in numerical simulations. The black dashed lines are predictions
from a hard-sphere mapping. (b) Radial distribution function, g(r),
for state points where particles are in a close-packed fcc crystal.
(c) The dots show energies, (v), as a function of temperature, T,
computed in numerical simulations. For the densities p = 0.1 to
p = 0.8, the spheres are in a fluid state, and the remaining densities
are close-packed fcc crystals. The colored dashed lines are theoreti-
cal predictions [Eq. (40)] using Z, = Z; + p~' — V; (thick dashed),
Z, = p~! (thin dashed), and Z, = Z; + p~! — p;,! (dash-dot). The
black dashed lines are predictions from a hard-sphere mapping.

Fig. 5 presents the energy of harmonic repulsive spheres (o =
2,d = 3) scaled by the theoretical prediction of Eq. (45) with
Z,=p~ L.
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FIG. 5. Ddots show the scaled energy of harmonic repulsive
(o = 2) spheres (d = 3) for temperatures 7 = 0.001 to 7" = 0.050 as
a function of density. Energies are scaled with the theoretical predic-
tion of Eq. (45) with Z, = p~'. The dashed lines are the theoretical
prediction of Eq. (45) with Z; = Z; + p~! — V. The diamonds show
scaled energies as predicted from a hard-sphere mapping.

D. The role of spatial dimension and softness

Equation (40) suggest that the T3 scaling of energy is
independent of spatial dimension (d), in good agreement with
numerical simulations (Fig. 6). Moreover, Eq. (40) suggests
that, for a given temperature (7), density (p), and softness
(), the energy should be proportional to the area of a unit
sphere in d dimensions, S; [Eq. (7)]. As depicted in Fig. 6,
the theoretical prediction agrees with numerical simulations
(the theory predicts the vertical shift in the data).

In the previous section, we investigated the energy particle
systems with harmonic repulsions, that is, with a softness of
o = 2. As suggested by Eq. (40), the temperature scaling of
energy is expected to depend on «. As an example, we first
investigate the classic Hertzian disks and spheres.
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FIG. 6. Energies versus temperature for harmonic repulsive (¢« =
2) hyperspheres at density p = 0.2. The dots are from numerical
simulations. The lines are theoretical prediction [Eq. (40)] using
Z, = Z; + p~! — V, (thick dashed) and Z, = p~! (thin dashed).
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The generalization of the scaling of the energies found for
particles with harmonic repulsions predicts that the scaling
for fluids at low densities should be T'*« and T for solids
near the close packing density. For Hertzian spheres (d = 3,
o= %), the production for the scaling in the fluid evaluates is
T3 , in good agreement with numerical simulations [Fig. 7(a)].
For Hertzian disks (d =2, a = %), scaling in the fluid is T%,
in good agreement with numerical simulations [Fig. 7(b)]. For
both Hertzian disks and spheres, the energy of the solid is
proportional to temperature, T [Figs. 7(a) and 7(b)].

Figure 8 shows how the energy depends on softness (o)
ind =1 to d = 8 dimensions for fluids at density p = 0.2
and temperature 7 = 0.0001. From the theory, it is that en-
ergy scales as T'*: [dashed lines in Fig. 8; Eq. (40), with
Zs=p _1]'

IV. FREEZING LINES

This section applies the theory of generalized Herzian hy-
perspheres to make predictions regarding coexistence pressure
between a solid and a fluid.

1074
p=0.2, T=0.0001
10-5 4 —¥= :: EE
: : —_’—:_.—u
S 1076 4 -~ ’—q——)_— =
> 227~ ’._——"'
g 10—7_/// Q= (©) d=1
w // ’/ 1) d=?2
7" d=3
s o =
10—8_/ () d=4
e d=6
e d=8
10-° T T : : : :
3/2 2 5/2 3 7/2 4

Softness, a

FIG. 8. Energy as a function of softness in d =1 to d =8 at
density p = 0.2 and T = 0.0001.

A. Zeroth-order hard-sphere prediction

At sufficiently low densities and temperatures, general-
ized Herzian hyperspheres approach hard spheres. The most
straightforward hard-sphere mapping is to choose the trunca-
tion distance as the hard-sphere diameter, that is, setting the
hard-sphere diameter to o = 1.

For example, consider the close packing of hard spheres
(d = 3). The coexistence pressure of the hard-sphere system
is accurately estimated by Fernandez et al. [90] to be

Po = 11.5712(10)T /o . (46)

When T' — 0 for generalized Hertzian spheres, we expect that

the coexistence pressure approaches

pe = 11.5712(10)T. A7)

Throughout this paper, the bullet subscript “e” refers to the
limit that the potentials approach when 7" — 0, that is, setting
o=1

B. Boltzmann’s hard-sphere criterion

At any finite temperature, the effective hard-sphere diame-
ter is expected to be less than 1 since particles are allowed to
overlap slightly. Boltzmann’s hard-sphere criterion [59,91] is
defined as the distance where the pair potential is equal to the
thermal energy:

v(o) =T, (48)
that evaluates to
o=1-Tx, (49)

for generalized Hertzian hyperspheres. Since p = p,/o?, then
the coexistence pressure is given by

p=pJl+dTx] (50)

forT — 0.

C. Andersen-Weeks-Chandler theory

In their noted 1971 paper [52], Andersen-Weeks-Chandler
advise that the reference hard-sphere system should match the
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Helmholtz free energy of the potential in question. The effec-
tive hard-sphere diameter d is determined within the theory
from

/Ooyg(r)Ae(r)rd_ldr =0, (29
0

in which Ae(r) = e(r) — e, (r) is the so-called blip function
[e(r) is defined in Eq. (21)], where y, (r) is the cavity function
of the hard-sphere fluid. Within the Percus-Yevic approxima-
tion, the cavity function is given analytically [4,84,92-96].
For the three-dimensional case (d = 3), we used the imple-
mentation of the cavity function suggested by Chang et al.
[93], as detailed in Sec. II.B.2 of Ref. [59]. We evaluated the
integral numerically using the Python module SciPy’s [97]
implementation of QUADPACK [98].

At low temperatures, the blip function becomes narrow.
Thus, it is appropriate to assume that the cavity function is
constant. This approximation leads to the hard-sphere cri-
terion due to Barker and Henderson [99] (that predates the
Andersen-Weeks-Chandler criterion). This allows for a closed
form of the effective hard-sphere diameter for generalized
Hertzian hyperspheres (see later).

D. Low-temperature Barker-Henderson theory

Within Barker-Henderson theory [99], the effective hard-
sphere diameter is given by

= /oo[l —e(r)]dr. (52)
0

In the low-temperature limit (7 — 0), the effective hard-
sphere diameter simplifies to

a=1—r<1+1)Ti (53)
o
and

p= p.[l +dF<1 + é)T;} (T —0) (54

for the coexistence pressure.

E. The freezing line of Hertzian spheres

To investigate the validity of the theory, we study
Hertzian spheres (d =3; o = %). We use interface pin-
ning [100-104] combined with numerical integration of the
Clausius-Clapeyron relation [105,106] to determine the shape
of the freezing line accurately. The dashed line in Fig. 9
shows the prediction from the naive hard-sphere mapping
with 0 =1 [p,; Eq. (47)]. The coexistence pressure is
significantly large within the hard-sphere paradigm, which
is explained by the smaller effective hard-sphere diameter.
The normalized deviation from the naive prediction, pﬁ. -1,
is depicted on a logarithmic scale in Fig. 10 as a solid
black line. The dashed lines show the predictions due to
the hard-sphere mappings. In agreement with Egs. (50) and

(54), the deviation scales as Te =T53, Interestingly, the

0.18
—— Coexistence line (this study)
0.16 ¢ Interface pinning (this study)
0144 ©® [Pamies et at, 2009]
—— p.
'S 0.12 A
5
q 0.10 A
g
S 0.08 A
2 -
1] i -
E 0.06 FCC solid ””,
0.04 - Pt
0.02 - - ,
Fluid
0.00 T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006

Temperature, T [e/kg]

FIG. 9. Coexistence pressure of Hertzian spheres (d =3; o =
%). The red diamonds are coexistence points computed with the in-
terface pinning method (this study). The solid black line is computed
with numerical integration of the Clausius-Clapeyron identity (this
study) using coexistence obtained by interface pinning at 7 = 0.002.
The dashed line is the prediction (p,) of zeroth-order hard-sphere
mapping [Eq. (47)].

involved Andersen-Weeks-Chandler theory [Eq. (51)] only
gives marginally better predictions than the straightforward
Barker-Henderson theory [Eq. (54)]. In the low-temperature
limit, the Barker-Henderson theory and Andersen-Weeks-
Chandler theory provide a prediction within the statistical
accuracy, while the Boltzmann prediction is slightly worse.
Nonetheless, the Boltzmann criterion [Eq. (50)] gives a good
overall prediction.

¢ Interface pinning (this study)

10° { ==~ Boltzmann's HS criterion

—==- Andersen-Weeks-Chandler's HS criteri
—=—= Barker-Henderson's HS criterion

plp. -1

10-3 10~ 1073 1072
Temperature, T [e/kg]

FIG. 10. Normalized deviation from zeroth-order hard-sphere
prediction of coexistence pressure (Fig. 9), ﬁ — 1, of Hertzian

spheres (d =3, ¢ = %). The solid line, blue dots, and red diamonds
are the results of numerical simulations (see Fig. 9). The red dashed
line is the prediction of the Boltzmann criterion [Eq. (50)], the blue
dashed line is from Andersen-Weeks-Chandler theory [Eq. (51)], and
the green dashed line is from Barker-Henderson theory [Eq. (54)].
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V. SCALE INVARIANCE

The phase diagram of hard spheres is one-dimensional, as
their structural and dynamical properties depend solely on
the packing fraction, apart from a trivial temperature scal-
ing. In contrast, the phase diagram of generalized Hertzian
hyperspheres is two-dimensional, varying with density and
temperature. Next, we present several frameworks for iden-
tifying lines in the phase diagram with scale invariance
of structure and dynamics in reduced units. We present
predictions based on mappings to the hard hyperspheres
[4,14,59,107-109], and apply the framework of isomorph
theory [58,75,110,111]. Numerical simulations show that the
theoretical predictions are excellent in providing lines of
scale-invariance of structure and dynamics at sufficiently low
temperatures.

A. Hard hyperspheres mapping

As discussed in the previous sections (Secs. IVB and
IV D), the effective hard-sphere diameter is

o =1—AT% (55)

using Boltzmann’s criterion for the diameter [A = 1; Eq. (49)]
and Barker-Henderson theory [A = I'(1 + i); Eq. (53)]. For
a state point at density p, the effective hard-sphere density is

pe = po’ (56)
— o[l —dAT«] (T — 0). (57)

Next, consider a reference state point (p,, 7,) and target state
point (p, T'). At low temperatures, we expect that generalized
Hertzian hyperspheres approach the structure and dynamics of
system hard hyperspheres. Let hard-sphere units be a system
where o and T are unity, for example, a length is reported
as d = d/o. Invariant structure and dynamics in hard-sphere
units are expected for the two state points if the effective hard-
sphere density is the same:

p[1 — dAT#] = p.[1 — dAT,*]. (58)

Assuming that both 7 < 1 and 7, < 0, then the temperature
dependence of state points with the same structure and dy-
namics is given by

p(T) = po[1 +dAT=] (T — 0), (59)
where
po = pull — dAT," ] (60)

is a constant.

B. Isomorph theory

The fundamental assumption of isomorph theory
[110,112-114] is that the potential energy possesses
hidden scale invariance: Consider two physically relevant
configurations, R 4 and Rp, typical in the canonical ensemble
(at a given state point). Let ¢ be an affine-scaling parameter.
The energy function exhibits hidden scale invariance if an
affine scaling largely preserves the rank order of energies,

meaning that if [113]
URY) <URp) = U(ERA) <U(Rp) (61)

holds to a good approximation. From this, it follows that the
Pearson correlation coefficient between viral and energy,

_ (wv) — (w)(v)
Vw2 — (w)2)((v?) — (v)?)

is close to unity. The correlation coefficient is a practical mea-
sure of the degree to which the system possesses hidden scale
invariance [110,112]. Moreover, isomorph theory predicts that
structure and dynamics in units reduced by p and T are
invariant along the lines of constant excess entropy, Sex, also
referred to as Rosenfeld’s entropy scaling [30,32,115-118].
The first step when applying isomorph theory is to identify
lines of constant excess entropy with the slope

, (62)

_a InT 63)
Y= om pls.
From basic thermodynamic identities, it follows that
_ {wv) — )(v) o

(v?) — (v)?

Following the theoretical insights presented in Sec. IIT A,
we consider the low-density limit [58,72-75], p — 0, where
Z; — 0. We can then neglect terms that involve multiplica-
tions of expectation values since terms that involve a single
expectation value scale as 1/Z; while terms involving mul-
tiplication of expectation values scale as 1/Z2. Thus, the
scaling exponent and correlation coefficient are simplified
to y = (wv)/(v?) and R = (wv)/\/(w?)(v?), respectively.
From Eq. (34), this can be written as y = I411/liq02 and
R = Lig11/vTie20lia02- By insertion of Eq. (36), we arrive at

a/d

=T« (T-0.
y F(2+£)T (T - 0) (65)

The scaling exponent diverges at T — 0 (Fig. 11(a)). This
extreme density scaling is also observed for the noted Weeks-
Chandler-Andersen pair potential [58]. For the correlation
coefficient, the prediction for the low-temperature value sat-
urates at

1
R =
Jre+hre-1h)

Interestingly, the correlation coefficient approached a value
less than 1 for T — 0. This value is independent of spatial
dimension (d) but depends on the softness of the pair potential
(), and is close to unity for relevant values of « (Figs. 11(b)
and 11(c)). [Moreover, in limit « — oo, the correlation co-
efficient approaches one (I'(2) = 1.)] Thus, we expect that
the potential energy function of generalized Hertzian hyper-
spheres has hidden scale invariance.

By integration of Eq. (65), and assuming that 7 < 1, we
can find the shape of the lines with constant excess entropy
(Sex), that is, the isomorph:

(T — 0). (66)

1\
p(T)=p0|:l+dF<2+;)Ta:|, (67)
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FIG. 11. (a) Dots show scaling exponent, y [Eq. (63)], computed
in numerical simulation by evaluating Eq. (64) for hyperspheres with
harmonic repulsions (¢ = 2) atdensity p = 0.2ind = 1tod = 8 di-
mensions. The dashed lines are the theoretical predictions [Eq. (65)].
(b) Dots show the virial-energy correlation coefficient, R [Eq. (62)],
evaluated in numerical simulations for a range of temperatures (7')
and spatial dimensions (d). The dashed line is the theoretical predic-
tion [Eq. (66)]. (c) The dots show the virial-energy correlation coef-
ficient, R [Eq. (62)], along softness parameter, « for hyperspheres
in different dimensions (d) at density p = 0.2 and temperature
T = 0.0001.

where py is a constant. This is identical to Eq. (59), derived
by hard-sphere mapping, if A =12 + é). Thus, the theo-
retical predictions using hard-sphere mapping or isomorph
theory predict the same shape of the lines with scale-invariant
dynamics and structure (Té temperature dependence of the
density) but with different A coefficients.

C. Comparing scaling laws

We derived several theoretical predictions for lines in the
(p, T) phase diagram with invariant dynamics and structure.
In the following, we compare the theories and asses their
applicability by numerical simulations.

Figure 12(a) shows how the radial distribution function,
g(r), for Hertzian spheres (d = 3; o = %) at density p = 0.8
changes in the temperature interval T =107 to T =5 x
1073. For the same temperature range, Fig. 12(b) shows g(r)
for state points given by Eq. (59) with A =1 and py = 0.8,
where the pair distances have been scaled by the effective
hard-sphere diameter (o). Interestingly, with the exception of
the first peak, which is influenced by the shape of the pair
potential, the remainder of this structural behavior is invari-
ant [compared with the isochoric state points in Fig. 12(a)].
Figure 12(c) shows the isomorph prediction of Eq. (59) with
A=TQ2+ é) ~ 1.24 and py = 0.8, giving scale invariance
similar to that of Boltzmann’s hard-sphere mapping. To quan-
tify the scaling laws, Fig. 12(d) shows the height of the second
peak of g(r). Surprisingly, Boltzmann’s criterion (green dots)
predicts better than Barker-Henderson’s (blue dots), while iso-
morph theory provides the best overall scale invariance for the
investigated temperature range. Investigating the static struc-
ture factor, S(g), can be instructive [see Figs. 13(a)-13(c)]
to avoNautilus-Xid the trivial nonscaling of the first peak
of the radial distribution function (g()). Figures 14(a)-14(c)
show scale invariance of the mean-squared displacement (R?)
and the diffusion coefficient. For the dynamics, the isomorph
theory gives the overall best scale invariance.

VI. CONCLUSIONS

In this work, we develop and test a theoretical frame-
work for generalized Hertzian hyperspheres, a class of
nearly hard-sphere systems with finite-range repulsive po-
tentials. Numerical simulations are conducted in dimensions
ranging from one to eight. Power-law temperature scaling
of energy is observed, dependent on the softness parame-
ter, (o). The framework accurately predicts the coexistence
pressures between fluid and solid phases for low tempera-
tures. These predictions rely on hard-sphere mapping using
Boltzmann, Barker-Henderson, or Andersen-Weeks-Chandler
criteria. Interestingly, the simple Boltzmann criterion provides
surprisingly good accuracy. Furthermore, the application of
isomorph theory reveals the presence of hidden scale in-
variance in generalized Hertzian hyperspheres, as evidenced
by a high virial-energy correlation coefficient. The isomorph
theory provides predictions for structural and dynamical
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FIG. 12. (a) The radial distribution, g(r), of Hertzian spheres
(a = %; d = 3) in the fluid state along the p = 0.8 isochor. (b) The
radial distribution, g(r), of state points along the line of invariance
using the Boltzmann criterion [Eq. (59) with A =1 and py = 0.8]
for the effective hard-sphere diameter (o). The pair distances are
in units of the effective hard-sphere diameter, o. (c) The radial
distribution, g(r), along the isomorph suggested by Eq. (59) with
A=TQ2+ é) ~ 1.24 and py = 0.8, [see also Eq. (67)]. The pair
distances are scaled by (po/ p)%. (d) The height of the second peak
of g(r) as a function of temperature. The dots are p(7')’s of the
isomorph [red dots; see also panel (c)], the Boltzmann criterion
[green; see also panel (b)], the Barker-Henderson hard-sphere map-
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line indicates the low-temperature limit.
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invariance. Alternatively, more traditional hard-sphere map-
pings can also be used to generate accurate scaling laws.

In summary, the findings highlight the importance of
generalized Hertzian hyperspheres as a model system that
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FIG. 14. (a) The mean-squared displace, R?, of Hertzian spheres
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squared displace, R> = R*(p/ ,00)?2?, as a function of reduced time (f)
along the isomorph given by Eq. (§9) withA = T'(2 + é) ~ 1.24 and
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connects idealized hard-sphere systems with more realistic
soft-particle interactions while offering closed-form theoret-
ical predictions.
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APPENDIX A: SOLUTION TO EQ. (35)
We solve the integral of Eq. (35) by substituting ¢ =
T-'(1 = r)* as integration variable so 1 —r = (tT)i, r=
1 — (tT)+, and dr = —a~'Tut+"'dt. In the T — 0 limit,

the I;4;; simplifies to an expression involving the I'-function
[Eq. (5)]:

Loy = / [T o(r) e(r)dr (A1)
\%

! o i .
=/ |:—r(1—r)°‘_'j|[(1—r)"‘]"exp(—T_l(l—r)“)
o Ld
X Sdrdfldr (A2)

Sao' [ irac jaila—1] -1
= — r [1—rPo™ Hexp(—=T~ (1 —r)*)dr
0

dl
(A3)
Sqat [0 , o
= % 1[1 — (tT)i]’er*l[(ZT)é]joHrz[afl]
-
x exp(—nD[—a "' Tera " ldr (1 =T7'(1—r))
(Ad)
= Syl 1T e MY /T] pl=2 -1
di 0
X [1 — (tT)ﬁ]dJrF1 exp(—t)dt (AS)
i— iMn=L14i4+1
R Syl =gty /ooti[l—§]+j+g—1
d o
x exp(—t)dt (T — 0) (A6)
S Oli_lTi+j+% 1 — i
d o
SdaiflTJ,,,-,
= TF(Jaij), (A8)

where J,;; =i+ j+ %

APPENDIX B: HARD-SPHERE MAPPING

Structure and thermodynamics can be predicted by map-
ping to a hard-sphere system and using analytical approx-
imations for the structure of the hard-sphere systems [see
black dashed lines on Figs. 4(a)-4(c) and the diamonds
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on Fig. 5]. For these predictions, the radial distribution is
approximated as

8(r) = yo (rim)e(r), (B1)

where e(r) is the pair Boltzmann factor [Eq. (21)] and y, (r; )
is the cavity function of a reference hard-sphere system at
packing fraction n. The effective hard-sphere diameter, o, is

approximated with the Boltzmann criterion [Eq. (49)], and
for y, (r;n) we use the closed-form provided by Chang and
Sandler [93]. Thermodynamic properties can be computed by
integration of Eq. (B1). For example, the expectation value for
the energy is

(v) = g/ v(r)g(r)dr. (B2)
1%

[1] D. Bernoulli, Hydrodynamica (Johann Reinhold Dulsecker,
1738).

[2] J. D. Bernal, The Bakerian lecture, 1962. The structure of
liquids, Proc. R. Soc. London A 280, 299 (1964).

[3] B. J. Alder and T. E. Wainwright, Phase transition for a hard
sphere system, J. Chem. Phys. 27, 1208 (1957).

[4] J.-P. Hansen and 1. R. McDonald, Theory of Simple Liquids:
With Applications to Soft Matter, 4th ed. (Academic, New
York, 2013).

[5] L. F. Téth, Uber die dichteste kugellagerung, Math. Z. 48, 676
(1942).

[6] T. C. Hales, A proof of the Kepler conjecture, Ann. Math. 162,
1065 (2005).

[7] M. Viazovska, The sphere packing problem in dimension 8,
Ann. Math. 185, 991 (2017).

[8] J. Conway and N. J. A. Sloan, Sphere Packings. Lattices and
Groups, 3rd ed. (Springer New York, 1999).

[9] R. W. Hamming, Error detecting and error correcting codes,
Bell Syst. Tech. J. 29, 147 (1950).

[10] P. Charbonneau, A. Ikeda, G. Parisi, and F. Zamponi, Glass
transition and random close packing above three dimensions,
Phys. Rev. Lett. 107, 185702 (2011).

[11] P. Charbonneau, J. Kurchan, G. Parisi, P. Urbani, and F.
Zamponi, Exact theory of dense amorphous hard spheres in
high dimension. iii. The full replica symmetry breaking solu-
tion, J. Stat. Mech (2014) P10009.

[12] P. Charbonneau, J. Kurchan, G. Parisi, P. Urbani, and F.
Zamponi, Glass and jamming transitions: From exact results to
finite-dimensional descriptions, Annu. Rev. Condens. Matter
Phys. 8, 265 (2017).

[13] G. Parisi, P. Urbani, and F. Zamponi, Theory of Simple Glasses:
Exact Solutions in Infinite Dimensions (Cambridge University
Press, Cambridge, 2020).

[14] M. Adhikari, S. Karmakar, and S. Sastry, Dependence of the
glass transition and jamming densities on spatial dimension,
Phys. Rev. Lett. 131, 168202 (2023).

[15] H. Hertz, Ueber die beriihrung fester elastischer korper,
J. Reine Angew. Math. 1882, 156 (1882).

[16] L. D. Landau and E. M. Lifshitz, Theory of Elasticity, 2nd
ed., Course of Theoretical Physics (Pergamon Press, 1959),
Vol. 7.

[17] E. Dintwa, E. Tijskens, and H. Ramon, On the accuracy of
the hertz model to describe the normal contact of soft elastic
spheres, Granular Matter 10, 209 (2008).

[18] E. Ciulli, A. Betti, and P. Forte, The applicability of the
Hertzian formulas to point contacts of spheres and spherical
caps, Lubricants 10, 233 (2022).

[19] W. L. Miller and A. Cacciuto, Two-dimensional packing of
soft particles and the soft generalized Thomson problem, Soft
Matter 7, 7552 (2011).

[20] M. Zu, J. Liu, H. Tong, and N. Xu, Density affects the
nature of the hexatic-liquid transition in two-dimensional
melting of soft-core systems, Phys. Rev. Lett. 117, 085702
(2016).

[21] Y. D. Fomin, E. A. Gaiduk, E. N. Tsiok, and V. N. Ryzhov,
The phase diagram and melting scenarios of two-dimensional
Hertzian spheres, Mol. Phys. 116, 3258 (2018).

[22] Z. Yao, Stress-induced ordering of two-dimensional packings
of elastic spheres, Phys. Rev. E 101, 062904 (2020).

[23] V. N. Ryzhov, E. A. Gaiduk, E. E. Tareyeva, Y. D. Fomin,
and E. N. Tsiok, The berezinskii-kosterlitz-thouless transition
and melting scenarios of two-dimensional systems, Phys. Part.
Nuclei 51, 786 (2020).

[24] B. K. Mandal and P. Mishra, Pair correlation function and
freezing transitions in a two-dimensional system of model
ultrasoft colloids, Mol. Phys. 118, 1706774 (2020).

[25] J. Guo, Y. Nie, and N. Xu, Signatures of continuous hexatic—
liquid transition in two-dimensional melting, Soft Matter 17,
3397 (2021).

[26] E. N. Tsiok, Y. D. Fomin, E. A. Gaiduk, and V. N. Ryzhov,
Structural transition in two-dimensional Hertzian spheres in
the presence of random pinning, Phys. Rev. E 103, 062612
(2021).

[27] B. K. Mandal and P. Mishra, Pair-correlation functions and
freezing transition in a 2d binary mixture of ultrasoft col-
loidal particles interacting via Hertzian potential, Fluid Phase
Equilib. 546, 113125 (2021).

[28] E. A. Gaiduk, Y. D. Fomin, E. N. Tsiok, and V. N. Ryzhov,
Anomalous behavior of a two-dimensional Hertzian disk sys-
tem, Phys. Rev. E 106, 024602 (2022).

[29] J. C. Pamies, A. Cacciuto, and D. Frenkel, Phase diagram of
Hertzian spheres, J. Chem. Phys. 131, 044514 (2009).

[30] Y. D. Fomin, V. N. Ryzhov, and N. V. Gribova, Breakdown
of excess entropy scaling for systems with thermodynamic
anomalies, Phys. Rev. E 81, 061201 (2010).

[31] J. Yang and K. S. Schweizer, Glassy dynamics and mechanical
response in dense fluids of soft repulsive spheres. 1. Activated
relaxation, kinetic vitrification, and fragility, J. Chem. Phys.
134, 204908 (2011).

[32] M. J. Pond, J. R. Errington, and T. M. Truskett, Commu-
nication: Generalizing Rosenfeld’s excess-entropy scaling to
predict long-time diffusivity in dense fluids of Brownian par-
ticles: From hard to ultrasoft interactions, J. Chem. Phys. 134,
081101 (2011).

055414-13


https://doi.org/10.1098/rspa.1964.0147
https://doi.org/10.1063/1.1743957
https://doi.org/10.1007/BF01180035
https://doi.org/10.4007/annals.2005.162.1065
https://doi.org/10.4007/annals.2017.185.3.7
https://doi.org/10.1002/j.1538-7305.1950.tb00463.x
https://doi.org/10.1103/PhysRevLett.107.185702
https://doi.org/10.1088/1742-5468/2014/10/P10009
https://doi.org/10.1146/annurev-conmatphys-031016-025334
https://doi.org/10.1103/PhysRevLett.131.168202
https://doi.org/10.1515/crll.1882.92.156
https://doi.org/10.1007/s10035-007-0078-7
https://doi.org/10.3390/lubricants10100233
https://doi.org/10.1039/c1sm05731f
https://doi.org/10.1103/PhysRevLett.117.085702
https://doi.org/10.1080/00268976.2018.1464676
https://doi.org/10.1103/PhysRevE.101.062904
https://doi.org/10.1134/S1063779620040632
https://doi.org/10.1080/00268976.2019.1706774
https://doi.org/10.1039/D0SM02199G
https://doi.org/10.1103/PhysRevE.103.062612
https://doi.org/10.1016/j.fluid.2021.113125
https://doi.org/10.1103/PhysRevE.106.024602
https://doi.org/10.1063/1.3186742
https://doi.org/10.1103/PhysRevE.81.061201
https://doi.org/10.1063/1.3592563
https://doi.org/10.1063/1.3559676

ULF R. PEDERSEN

PHYSICAL REVIEW E 111, 055414 (2025)

[33] P. S. Mohanty, D. Paloli, J. J. Crassous, E. Zaccarelli, and P.
Schurtenberger, Effective interactions between soft-repulsive
colloids: Experiments, theory, and simulations, J. Chem. Phys.
140, 094901 (2014).

[34] W. Ouyang, C. Fu, Z. Sun, and S. Xu, Polymorph selection and
nucleation pathway in the crystallization of Hertzian spheres,
Phys. Rev. E 94, 042805 (2016).

[35] L. Athanasopoulou and P. Ziherl, Phase diagram of elastic
spheres, Soft Matter 13, 1463 (2017).

[36] G. Munao and F. Saija, Monte Carlo simulation and integral
equation study of Hertzian spheres in the low-temperature
regime, J. Chem. Phys. 151, 134901 (2019).

[37] A. Martin-Molina and M. Quesada-Perez, A review of coarse-
grained simulations of nanogel and microgel particles, J. Mol.
Liq. 280, 374 (2019).

[38] M. de Jager, J. de Jong, and L. Filion, Defects in crystals of
soft colloidal particles, Soft Matter 17, 5718 (2021).

[39] E. Boattini, N. Bezem, S. N. Punnathanam, F. Smallenburg,
and L. Filion, Modeling of many-body interactions between
elastic spheres through symmetry functions, J. Chem. Phys.
153, 064902 (2020).

[40] L. Rovigatti, N. Gnan, A. Ninarello, and E. Zaccarelli,
Connecting elasticity and effective interactions of neutral mi-
crogels: The validity of the Hertzian model, Macromolecules
52,4895 (2019).

[41] A. Scotti, M. F. Schulte, C. G. Lopez, J. J. Crassous, S.
Bochenek, and W. Richtering, How softness matters in soft
nanogels and nanogel assemblies, Chem. Rev. 122, 11675
(2022).

[42] C. P. Royall, P. Charbonneau, M. Dijkstra, J. Russo, F.
Smallenburg, T. Speck, and C. Valeriani, Colloidal hard
spheres: Triumphs, challenges, and mysteries, Rev. Mod.
Phys. 96, 045003 (2024).

[43] H. Jacquin and L. Berthier, Anomalous structural evolution
of soft particles: Equibrium liquid state theory, Soft Matter 6,
2970 (2010).

[44] L. Berthier, E. Flenner, H. Jacquin, and G. Szamel, Scaling
of the glassy dynamics of soft repulsive particles: A mode-
coupling approach, Phys. Rev. E 81, 031505 (2010).

[45] Y. Zhu and Z. Lu, Phase diagram of spherical particles inter-
acted with harmonic repulsions, J. Chem. Phys. 134, 044903
(2011).

[46] V. A. Levashov, Crystalline structures of particles interacting
through the harmonic-repulsive pair potential, J. Chem. Phys.
147, 114503 (2017).

[47] N. Xu, Phase behaviors of soft-core particle systems, Chin. J.
Polym. Sci. 37, 1065 (2019).

[48] V. A. Levashov, R. Ryltsev, and N. Chtchelkatchev, Anoma-
lous behavior and structure of a liquid of particles interacting
through the harmonic-repulsive pair potential near the crystal-
lization transition, Soft Matter 15, 8840 (2019).

[49] V. A. Levashov, R. E. Ryltsev, and N. M. Chtchelkatchev,
Structure of the simple harmonic-repulsive system in liquid
and glassy states studied by the triple correlation function,
J. Phys.: Condens. Matter 33, 025403 (2021).

[50] K. P. Santo and A. V. Neimark, Dissipative particle dynamics
simulations in colloid and interface science: A review, Adv.
Colloid Interface Sci. 298, 102545 (2021).

[51] V. A. Levashov, R. E. Ryltsev, and N. M. Chtchelkatchev, In-
vestigation of the degree of local structural similarity between

the parent-liquid and children-crystal states for a model soft
matter system, Physica A 585, 126387 (2022).

[52] H. C. Andersen, J. D. Weeks, and D. Chandler, Relationship
between the hard-sphere fluid and fluids with realistic repul-
sive forces, Phys. Rev. A 4, 1597 (1971).

[53] L.-C. Valdes, J. Gerges, T. Mizuguchi, and F. Affouard, Crys-
tallization tendencies of modelled Lennard-Jones liquids with
different attractions, J. Chem. Phys. 148, 014501 (2018).

[54] M. K. Nandi and S. M. Bhattacharyya, Microscopic theory of
softness in supercooled liquids, Phys. Rev. Lett. 126, 208001
(2021).

[55] A. Singh and Y. Singh, How attractive and repulsive interac-
tions affect structure ordering and dynamics of glass-forming
liquids, Phys. Rev. E 103, 052105 (2021).

[56] A. Banerjee and D. J. Wales, Energy landscapes for a mod-
ified repulsive Weeks-Chandler-Andersen potential, J. Phys.:
Condens. Matter 34, 034004 (2022).

[57] Y. Zhou, B. Mei, and K. S. Schweizer, Activated relaxation in
supercooled monodisperse atomic and polymeric WCA fluids:
Simulation and ECNLE theory, J. Chem. Phys. 156, 114901
(2022).

[58] E. Attia, J. C. Dyre, and U. R. Pedersen, Extreme case of
density scaling: The Weeks-Chandler-Andersen system at low
temperatures, Phys. Rev. E 103, 062140 (2021).

[59] E. Attia, J. C. Dyre, and U. R. Pedersen, Comparing four hard-
sphere approximations for the low-temperature WCA melting
line, J. Chem. Phys. 157, 034502 (2022).

[60] N. P. Bailey, T. S. Ingebrigtsen, J. S. Hansen, A. A. Veldhorst,
L. Bghling, C. A. Lemarchand, A. E. Olsen, A. K. Bacher,
L. Costigliola, U. R. Pedersen, H. Larsen, J. C. Dyre, and
T. B. Schrgder, RUMD: A general purpose molecular dynam-
ics package optimized to utilize GPU hardware down to a few
thousand particles, SciPost Phys. 3, 038 (2017).

[61] T. B. Schrgder, U. R. Pedersen, N. P. Bailey, J. S. Hansen,
L. Costigliola, and H. Larsen, GAMDPY: GPU accelerated
molecular dynamics in Python, gitlab.com/tbs.cph/rumdpy-
dev (2025), prerelease version.

[62] U. R. Pedersen, The dompap particle simulation package for
Python, github.com/urpedersen/dompap (2024), version 0.0.6.

[63] N. Grgnbech-Jensen, N. R. Hayre, and O. Farago, Applica-
tion of the g-JF discrete-time thermostat for fast and accurate
molecular simulations, Comput. Phys. Commun. 185, 524
(2014).

[64] L. Lue and M. Bishop, Molecular dynamics study of the ther-
modynamics and transport coefficients of hard hyperspheres in
six and seven dimensions, Phys. Rev. E 74, 021201 (2006).

[65] L. Lue, M. Bishop, and P. A. Whitlock, The fluid to solid phase
transition of hard hyperspheres in four and five dimensions,
J. Chem. Phys. 132, 104509 (2010).

[66] M. Bishop and P. A. Whitlock, Five dimensional binary hard
hypersphere mixtures: A Monte Carlo study, J. Chem. Phys.
145, 154502 (2016).

[67] F. Guillard and B. Marks, Frictional hyperspheres in hyper-
space, Phys. Rev. E 103, 052901 (2021).

[68] L. Lue, M. Bishop, and P. A. Whitlock, Molecular dynamics
study of six-dimensional hard hypersphere crystals, J. Chem.
Phys. 155, 144502 (2021).

[69] R. S. Hoy and K. A. Interiano-Alberto, Efficient d-dimensional
molecular dynamics simulations for studies of the glass-
jamming transition, Phys. Rev. E 105, 055305 (2022).

055414-14


https://doi.org/10.1063/1.4866644
https://doi.org/10.1103/PhysRevE.94.042805
https://doi.org/10.1039/C6SM02474B
https://doi.org/10.1063/1.5121007
https://doi.org/10.1016/j.molliq.2019.02.030
https://doi.org/10.1039/D1SM00531F
https://doi.org/10.1063/5.0015606
https://doi.org/10.1021/acs.macromol.9b00099
https://doi.org/10.1021/acs.chemrev.2c00035
https://doi.org/10.1103/RevModPhys.96.045003
https://doi.org/10.1039/b926412d
https://doi.org/10.1103/PhysRevE.81.031505
https://doi.org/10.1063/1.3548886
https://doi.org/10.1063/1.5002536
https://doi.org/10.1007/s10118-019-2304-2
https://doi.org/10.1039/C9SM01475F
https://doi.org/10.1088/1361-648X/abb516
https://doi.org/10.1016/j.cis.2021.102545
https://doi.org/10.1016/j.physa.2021.126387
https://doi.org/10.1103/PhysRevA.4.1597
https://doi.org/10.1063/1.5004659
https://doi.org/10.1103/PhysRevLett.126.208001
https://doi.org/10.1103/PhysRevE.103.052105
https://doi.org/10.1088/1361-648X/ac2f6d
https://doi.org/10.1063/5.0079221
https://doi.org/10.1103/PhysRevE.103.062140
https://doi.org/10.1063/5.0097593
https://doi.org/10.21468/SciPostPhys.3.6.038
http://github.com/urpedersen/dompap
https://doi.org/10.1016/j.cpc.2013.10.006
https://doi.org/10.1103/PhysRevE.74.021201
https://doi.org/10.1063/1.3354115
https://doi.org/10.1063/1.4964614
https://doi.org/10.1103/PhysRevE.103.052901
https://doi.org/10.1063/5.0066421
https://doi.org/10.1103/PhysRevE.105.055305

THEORY OF GENERALIZED HERTZIAN HYPERSPHERES

PHYSICAL REVIEW E 111, 055414 (2025)

[70] R. S. Hoy, Homogeneous crystallization in four-dimensional
Lennard-Jones liquids, Phys. Rev. E 109, 044604
(2024).

[71] S. Torquato, T. M. Truskett, and P. G. Debenedetti, Is random
close packing of spheres well defined? Phys. Rev. Lett. 84,
2064 (2000).

[72] T. Maimbourg and J. Kurchan, Approximate scale invari-
ance in particle systems: A large-dimensional justification,
Europhys. Lett. 114, 60002 (2016).

[73] A. K. Bacher, T. B. Schrgder, and J. C. Dyre, The
EXP pair-potential system. I. Fluid phase isotherms, iso-
chores, and quasiuniversality, J. Chem. Phys. 149, 114501
(2018).

[74] A. K. Bacher, T. B. Schrgder, and J. C. Dyre, The EXP pair-
potential system. II. Fluid phase isomorphs, J. Chem. Phys.
149, 114502 (2018).

[75] T. Maimbourg, J. C. Dyre, and L. Costigliola, Density scaling
of generalized Lennard-Jones fluids in different dimensions,
SciPost Phys. 9, 090 (2020).

[76] Y. Rosenfeld and P. Tarazona, Density functional theory
and the asymptotic high density expansion of the free en-
ergy of classical solids and fluids, Mol. Phys. 95, 141
(1998).

[77] T. S. Ingebrigtsen, A. A. Veldhorst, T. B. Schrgder, and J. C.
Dyre, Communication: The Rosenfeld-Tarazona expression
for liquids’ specific heat: A numerical investigation of eigh-
teen systems, J. Chem. Phys. 139, 171101 (2013).

[78] P. Mausbach, A. Koster, and J. Vrabec, Liquid state iso-
morphism, Rosenfeld-Tarazona temperature scaling, and Rie-
mannian thermodynamic geometry, Phys. Rev. E 97, 052149
(2018).

[79] S. A. Khrapak and A. G. Khrapak, Generalized Rosenfeld—
Tarazona scaling and high-density specific heat of simple
liquids, Phys. Fluids 36, 117119 (2024).

[80] H. Reiss, H. L. Frisch, and J. L. Lebowitz, Statistical mechan-
ics of rigid spheres, J. Chem. Phys. 31, 369 (1959).

[81] H. S. Ashbaugh and L. R. Pratt, Colloquium: Scaled particle
theory and the length scales of hydrophobicity, Rev. Mod.
Phys. 78, 159 (2006).

[82] A. L. Thorneywork, R. Roth, D. G. A. L. Aarts, and R. P. A.
Dullens, Communication: Radial distribution functions in
a two-dimensional binary colloidal hard sphere system,
J. Chem. Phys. 140, 161106 (2014).

[83] J. D. J. Lépez-Molina, M. Tirado-Miranda, and A. Moncho-
Jord4, Density functional theory for responsive hard-sphere
fluids, Mol. Phys. 122, e2410481 (2024).

[84] M. S. Wertheim, Exact solution of the Percus-Yevick in-
tegral equation for hard spheres, Phys. Rev. Lett. 10, 321
(1963).

[85] M. Robles, M. Lépez de Haro, and A. Santos, Equation of
state of a seven-dimensional hard-sphere fluid. percus—yevick
theory and molecular-dynamics simulations, J. Chem. Phys.
120, 9113 (2004).

[86] M. Adda-Bedia, E. Katzav, and D. Vella, Solution of the
percus—yevick equation for hard hyperspheres in even dimen-
sions, J. Chem. Phys. 129, 144506 (2008).

[87] A. Santos, S. B. Yuste, and M. L. de Haro, Structural and ther-
modynamic properties of hard-sphere fluids, J. Chem. Phys.
153, 120901 (2020).

[88] L. S. Ornstein and F. Zernike, Accidental deviations of density
and opalescence at the critical point of a single substance,
Proc. Akad. Wet. Amsterdam 17, 793 (1914).

[89] T. Tsednee and T. Luchko, Closure for the Ornstein-Zernike
equation with pressure and free energy consistency, Phys. Rev.
E 99, 032130 (2019).

[90] L. A. Fernandez, V. Martin-Mayor, B. Seoane, and P.
Verrocchio, Equilibrium fluid-solid coexistence of hard
spheres, Phys. Rev. Lett. 108, 165701 (2012).

[91] L. Boltzmann, Vorlesungen iiber Gastheorie (Lectures on gas
theory) (Johann Ambrosius Barth, 1896).

[92] G. Kahl, Analytic representation for the pair-correlation func-
tion of a hard-sphere Yukawa system, Mol. Phys. 67, 879
(1989).

[93] J. Chang and S. I. Sandler, A real function representation
for the structure of the hard-sphere fluid, Mol. Phys. 81, 735
(1994).

[94] A. Trokhymchuk, I. Nezbeda, J. Jirsdk, and D. Henderson,
Hard-sphere radial distribution function again, J. Chem. Phys.
123, 024501 (2005).

[95] W. R. Smith, D. J. Henderson, P. J. Leonard, J. A. Barker, and
E. W. Grundke, Fortran codes for the correlation functions of
hard sphere fluids, Mol. Phys. 106, 3 (2008).

[96] D. Henderson, Analytic methods for the Percus-Yevick hard
sphere correlation functions, Condens. Matter Phys. 12, 127
(2009).

[97] P. Virtanen et al., SciPy 1.0: Fundamental algorithms for sci-
entific computing in Python, Nat. Methods 17, 261 (2020).

[98] R. Piessens, E. D. Doncker-Kapenga, C. Uberhuber, and D. K.
Kahaner, Quadpack, Springer series in computational mathe-
matics (Springer, Berlin, 1983).

[99] J. A. Barker and D. Henderson, Perturbation theory and equa-
tion of state for fluids. II. A successful theory of liquids,
J. Chem. Phys. 47, 4714 (1967).

[100] U. R. Pedersen, Direct calculation of the solid-liquid Gibbs
free energy difference in a single equilibrium simulation,
J. Chem. Phys. 139, 104102 (2013).

[101] U. R. Pedersen, F. Hummel, G. Kresse, G. Kahl, and C.
Dellago, Computing Gibbs free energy differences by inter-
face pinning, Phys. Rev. B 88, 094101 (2013).

[102] V. Thapar and F. A. Escobedo, Extensions of the interfacial
pinning method and application to hard core systems, J. Chem.
Phys. 141, 124117 (2014).

[103] U. R. Pedersen, F. Hummel, and C. Dellago, Computing the
crystal growth rate by the interface pinning method, J. Chem.
Phys. 142, 044104 (2015).

[104] P. Y. Chew and A. Reinhardt, Phase diagrams—Why they
matter and how to predict them, J. Chem. Phys. 158, 030902
(2023).

[105] D. A. Kofke, Gibbs-Duhem integration: A new method for di-
rect evaluation of phase coexistence by molecular simulation,
Mol. Phys. 78, 1331 (1993).

[106] J. C. Dyre and U. R. Pedersen, Comparing zero-parameter
theories for the wca and harmonic-repulsive melting lines,
J. Chem. Phys. 158, 164504 (2023).

[107] L. Verlet, Integral equations for classical fluids. I. The hard
sphere case, Mol. Phys. 41, 183 (1980).

[108] L. Verlet, Integral equations for classical fluids. II. Hard
spheres again, Mol. Phys. 42, 1291 (1981).

055414-15


https://doi.org/10.1103/PhysRevE.109.044604
https://doi.org/10.1103/PhysRevLett.84.2064
https://doi.org/10.1209/0295-5075/114/60002
https://doi.org/10.1063/1.5043546
https://doi.org/10.1063/1.5043548
https://doi.org/10.21468/SciPostPhys.9.6.090
https://doi.org/10.1080/00268979809483145
https://doi.org/10.1063/1.4827865
https://doi.org/10.1103/PhysRevE.97.052149
https://doi.org/10.1063/5.0230219
https://doi.org/10.1063/1.1730361
https://doi.org/10.1103/RevModPhys.78.159
https://doi.org/10.1063/1.4872365
https://doi.org/10.1080/00268976.2024.2410481
https://doi.org/10.1103/PhysRevLett.10.321
https://doi.org/10.1063/1.1701840
https://doi.org/10.1063/1.2991338
https://doi.org/10.1063/5.0023903
https://dwc.knaw.nl/DL/publications/PU00012727.pdf
https://doi.org/10.1103/PhysRevE.99.032130
https://doi.org/10.1103/PhysRevLett.108.165701
https://doi.org/10.1080/00268978900101511
https://doi.org/10.1080/00268979400100491
https://doi.org/10.1063/1.1979488
https://doi.org/10.1080/00268970701628423
https://doi.org/10.5488/CMP.12.2.127
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1063/1.1701689
https://doi.org/10.1063/1.4818747
https://doi.org/10.1103/PhysRevB.88.094101
https://doi.org/10.1063/1.4896054
https://doi.org/10.1063/1.4905955
https://doi.org/10.1063/5.0131028
https://doi.org/10.1080/00268979300100881
https://doi.org/10.1063/5.0147416
https://doi.org/10.1080/00268978000102671
https://doi.org/10.1080/00268978100100971

ULF R. PEDERSEN

PHYSICAL REVIEW E 111, 055414 (2025)

[109] J. C. Dyre, Simple liquids’ quasiuniversality and the hard-
sphere paradigm, J. Phys.: Condens. Matter 28, 323001
(2016).

[110] N. Gnan, T. B. Schrgder, U. R. Pedersen, N. P. Bailey, and
J. C. Dyre, Pressure-energy correlations in liquids. IV. ‘Iso-
morphs’ in liquid phase diagrams, J. Chem. Phys. 131, 234504
(2009).

[111] J. C. Dyre, Hidden scale envariance in condensed matter,
J. Phys. Chem. B 118, 10007 (2014).

[112] U. R. Pedersen, N. P. Bailey, T. B. Schrgder, and J. C. Dyre,
Strong pressure-energy correlations in van der Waals liquids,
Phys. Rev. Lett. 100, 015701 (2008).

[113] T. B. Schrgder and J. C. Dyre, Simplicity of condensed matter
at its core: Generic definition of a Roskilde-simple system,
J. Chem. Phys. 141, 204502 (2014).

[114] U. R. Pedersen, L. Costigliola, N. P. Bailey, T. B. Schrgder,
and J. C. Dyre, Thermodynamics of freezing and melting, Nat.
Commun. 7, 12386 (2016).

[115] Y. Rosenfeld, Relation between the transport coefficients and
the internal entropy of simple systems, Phys. Rev. A 15, 2545
1977).

[116] Y. Rosenfeld, A quasi-universal scaling law for atomic trans-
port in simple fluids, J. Phys.: Condens. Matter 11, 5415
(1999).

[117] J. C. Dyre, Perspective: Excess-entropy scaling, J. Chem.
Phys. 149, 210901 (2018).

[118] S. Khrapak, Elementary vibrational model for transport prop-
erties of dense fluids, Phys. Rep. 1050, 1 (2024).

[119] U. R. Pedersen, Generalized Hertzian Hyperspheres (2025),
Zenodo, doi: 10.5281/zenodo.14850597.

055414-16


https://doi.org/10.1088/0953-8984/28/32/323001
https://doi.org/10.1063/1.3265957
https://doi.org/10.1021/jp501852b
https://doi.org/10.1103/PhysRevLett.100.015701
https://doi.org/10.1063/1.4901215
https://doi.org/10.1038/ncomms12386
https://doi.org/10.1103/PhysRevA.15.2545
https://doi.org/10.1088/0953-8984/11/28/303
https://doi.org/10.1063/1.5055064
https://doi.org/10.1016/j.physrep.2023.11.004
https://doi.org/10.5281/zenodo.14850597

