Journal of Non-Crystalline Solids 235±237 (1998) 296±301

Thermoviscoelasticity of glass-forming liquids
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Abstract
In supercooled liquids structural relaxation shows up as a frequency dependence of mechanical and thermal properties such as the adiabatic bulk modulus, Ks , shear modulus, G, expansion coecient, ap , and isobaric speci®c heat, cp .
Whereas Ks and G can be measured directly, we claim this is dicult for cp . Near the glass transition where cp diers
signi®cantly from the isochoric speci®c heat, cv , and G approaches Ks , heat transport is no longer adequately described
by the heat diusion equation but by four coupled thermoviscoelastic equations. Thus the eective speci®c heat obtained by speci®c heat spectroscopy can dier from cp . We present speci®c heat spectroscopy data on 1,2,4-butanetriol
obtained in an approximate spherical symmetric geometry. In this geometry the eect of the thermomechanical coupling can be calculated. The thermal wavelength can be varied from much greater to much smaller than the sample size.
Thus the novel method comprises both the homogeneous and inhomogeneous methods. In the homogeneous limit, we,
as a good approximation, obtain the pure cp . Ó 1998 Elsevier Science B.V. All rights reserved.

1. Introduction
It has recently been pointed out [1] that it is
questionable whether speci®c heat spectroscopy
measurements on supercooled liquids near the
glass transition are truly at isobaric conditions.
The temperature perturbation of the calorimetric
method gives rise to stresses due to the thermal expansion. The relaxation of these stresses is hindered by the high viscosity near the glass
transition. Thus heat transport is no longer adequately described by the heat diusion equation
but by four coupled thermoviscoelastic equations.
This eect could explicitly be seen theoretically [1]
in the 1-dimensional unilateral case. However the
boundary conditions of that example be dicult
to achieve in real experiments. It was found that
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the eective speci®c heat under such circumstances
would be the longitudinal speci®c heat, c1 
Ms =MT cv . Here Ms and MT are the adiabatic
and isothermal longitudinal moduli, respectively,
and cv the isochoric speci®c heat. We remind that
M is related to the bulk modulus, K, and shear
modulus, G, by Ms  Ks  43 G (respectively
MT  KT  43 G) and that the isobaric speci®c heat
is given by cp  Ks =KT cv . The thermomechanical coupling constant is de®ned as c ÿ 1 
cp ÿ cv =cv  T0 a2P Ks =cp : c1 only equals cp if the
thermomechanical coupling constant is small or
if the shear to bulk modulus ratio G/KT is small.
However at the glass transition both quantities
may be of signi®cant size resulting in a typical deviation cp ÿ c1 =cp of 20% based on static values.
It could be even worse since we do not know the
frequency dependencies of all the other constitutive quantities. Moreover the observed frequency
dependence of the speci®c heat will be distorted
by these. In this paper we present some of the
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theoretical results of alternating current calorimetry in the spherical symmetric case and also demonstrate its experimental realization.
2. Theory
2.1. Thermoelasticity
We describe now the thermal and mechanical
interactions between mutual parts of a continuous
media and furthermore between the media and the
surroundings. To better grasp these somewhat
complicated interactions it is fruitful to have a pictorial description besides the mathematical formulation. We will use the so-called energy bond
graphs [2±4]. An energy bond is a graphical picture
of an energetic interaction between two systems.
This interaction is quanti®ed in terms of a generalized force and a generalized current. The energy
bond is drawn as a line, the force is depicted by
a little bar and the current as an arrow on the en-
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ergy bond. An energy bond graph of the possible
mechanical and thermal action on a volume element is given in Fig. 1. The interactions can be
of various tensorial order (scalar, vector, or higher
order tensors). The choice of mechanical variables
is straight-forward. In the compressional bond the
force is the negative of the hydrostatic part of the
pressure ÿdp  13 rkk [5] where rij is the stress tensor and only deviations from an overall pressure,
p0 , is considered. The corresponding current is
the time rate of the relative volume change,
_  dV
_ =V : d is found from the trace of the strain
d
tensor, d  13 kk where again the strain tensor is
the symmetrized
gradient of the displacement ®eld,
ÿ
ij  12 oui =oxj  ouj =oxi . The variables of the
shear interaction is the deviatoric parts [6] of the
stress and strainrate tensors, sij  rij ÿ 13 rkk dij
and e_ ij  _ij ÿ 13 _kk dij : As to the choice of thermal
variable Ritmann [7] has argued for the Carnot
factor, 1 ) T0 /T, and the heat current, Jq , as generalized force and current. Since we are considering small temperature amplitudes the Carnot

Fig. 1. Energy bond description of the thermal and mechanical interaction between a volume element and its surroundings.
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factor simply becomes the relative temperature
change, dT/T0 , where T0 is a reference temperature. The Curie±Prigogine principle states that in
the linear regime only phenomena of the same
tensorial order couples in isotropic systems. Thus
the pair, dT/T0 and Jq , are not conjugated
variables whereas the scalar pair and (dT/T0 ,
)div(Jq )) and vector pair ()grad(dT/T0 ), Jq ) are,
q_  ÿdiv J q  is recognized as the time rate of the
supplied heat per volume, q. The ®ve thermal
and mechanical response functions, the isobaric
speci®c heat, cp , isobaric expansivity, ap , isothermal compressibility, jT , heat conductivity, k, and
shear modulus, G, are now expressed in terms of
these energy bond variables


  
c p T 0 ap
dT
dq
;
1

a p jT
ÿdp
d
J q  ÿk grad dT ;

2

sij  2Geij :

3

In a discussion of the relationships between
the response functions three levels of description
have to be considered. Phenomena on the microscopic molecular level aect all macroscopic response functions giving speci®c connexions
which cannot be deduced from general thermodynamic principles only. From a macroscopic viewpoint (1)±(3) describe a decoupling of some of
the properties on the level of a dierential
volume element. However, on the third level ±
namely in the experimental situation ± it is seldom the case that the ®elds are homogenous
and that the sample can be considered as a dierential element. This is in particular a problem in
the measurements of frequency dependent response functions. The freedom of choosing a
suitable heat diusion length or acoustic wavelength relative to the sample size is lost since they
are given by the frequency. Instead we must give
a continuum description solving the coupled
thermoelastic equations


4
G  KT grad div u ÿ KT ap grad T 
3
o2
4
ÿ G curl curl u  q 2 u;
ot

cv

o
o
T  T0 KT ap div u  k div grad T 
ot
ot

5

with appropriate boundary conditions [8,9]. Then
the observable response functions often will not
be the pure quantities but instead involve several
of these even those separated in the dierential
element description. One instance of this intricacy
is the thermal admittance pr area in a 1-dimensional unilateral geometry
[1] which was found
1
to be Y  ÿixcl k2 : It thus involves c1 and not
cp when a full treatment of the thermoelastic
equations is given. The displacement associated
with the thermal expansion was, in this case, longitudinal hence the name longitudinal speci®c
heat, c1 . Another instance is the measurement of
the frequency dependent stiness of a sphere
[10] of radius r. The stiness will change from
the adiabatic to the isothermal bulk modulus as
frequency is varied from much higher to much
lower than the characteristic heat diusion frequency, k/(c1 r2 ). It will depend on the other response functions in a complicated way in the
transition region [11].
2.2. Thermoviscoelasticity
It has been implicit in the above discussion that
we are dealing with time dependent and not constant response functions which are usually considered in thermoelastic theory [8,9]. This dependency
means that Eqs. (4) and (5) and are no longer
meaningful in the time domain. However they still
hold in the frequency domain where all the response functions become complex. This constitutes
the generalization of thermoelasticity into thermoviscoelasticity [12]. All ®elds are now assumed
/ eixt and we consider only their complex amplitudes.
2.3. Spherical symmetry
Consider a spherical shell of inner radius r1 and
outer radius r2 . The energy bond variables at the
surface of radius r are the normal component of
the stress tensor, rrr (r), abbreviated r(r), the volume swept, dV(r), the temperature perturbation,
dT(r), the heat passed, Q(r). The values of these
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variables at r2 can be expressed in terms of the set
of values at r1 by a transfer matrix
0
0
1
1
r
r
B dT C
B dT C
B
B
C
C
6
B
C :
C  T r2 ; r 1  B
@ dV A
@ dV A
Q

r2

Q

r1

One of the advances of the transfer matrix is
that a lamination of systems simply correspond
to multiplication of the corresponding transfer
matrices. Another is that the eect of changing
the boundary conditions can readily be found.
The explicit expression for T that can be found
from Eqs. (4) and (5) will be given elsewhere [13]
but some results derivable from the knowledge of
T will be stated here.
2.3.1. The far inhomogeneous limit
The inner and outer radii are associated with
complex heat diusion frequencies, x1  k/(c1 r21 )
and x2  k/(c1 r22 ). In the far inhomogeneous limit,
x  |x2 |, the thermal compliance, J, seen on the
inner surface and de®ned as J  Q/dT becomes

 x 12 
x1
1
c1 r13 :

7
J  4p
ÿix
ÿix
This result is found under both clamped and
free mechanical conditions. Under the even stronger condition, x  |x1 |, the thermal admittance
permit area,
Y  ÿixJ = 4pr12 ; then becomes
1
2
ÿixc1 k which is expected since the spherical
and unilateral case must coincide in this limit.
2.3.2. The homogeneous limit
In the homogeneous limit given by x  |x2 | the
thermal compliance is dependent on the mechanical boundary conditions. In the case of a free outer
boundary, r(r2 )  0 and a clamped inner core,
dV r1   0; we ®nd
(
)
3
r2 =r1  Ks  43 G
J  cv V
;
8
r2 =r1 3 KT  43 G
where V  43 p r23 ÿ r13 : Notice that J ! c1 V for
r2 =r1 ! 1 (thin shell) and J ! cp V for r2 =r1 ! 1
(thick shell). The last fact makes it possible to measure cp .
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Fig. 2. AC-calorimetry in spherical symmetric geometry. The
core of 0.3 mm diameter is a NTC-resistor with high temperature coecient. It acts simultaneously as an AC-heat generator
and thermometer by the 3x technique. The surrounding liquid
diameter is 0.7 mm.

3. Experiment
The speci®c heat spectroscopy is accomplished
by using a commercial NTC-resistor bead of approximate spherical shape. A droplet of 1,2,4-butanetriol was placed onto the bead as shown in
Fig. 2. The thermal admittance is found by a version of the 3x technique [14]. The electric resistance of the bead is temperature dependent given
by 0.2478 exp(2656 K/T)X yielding a temperature
coecient of about 7% Kÿ1 near 200 K. The
NTC-resistor is connected to a voltage source of
cyclic frequency, x/2, in series with a temperature
independent 100 kX resistor. The Joule heating of
the bead gives an x component heat current, Q_ NTC ;
and the in-phase and out-of-phase temperature
amplitude is found by the 3x/2 component in the
voltage of the series resistor. The resolution of
the temperature amplitudes are <1 mK and the
stability of the cryostat 5 mK.
4. Results
The overall or apparent thermal admittance
Yapp is calculated as the ratio of Q_ NTC to the complex temperature amplitude, dTNTC . The apparent
heat capacity Capp is de®ned as Yapp /()ix) and
shown in Fig. 3(a) and (b). The AC-calorimetry
which is non-adiabatic is performed under vacuum
(<10ÿ5 torr) to give a suitable small thermal leak
between droplet and cryostat. This thermal leak
is especially seen in the increase / 1/x of the imaginary part of Capp at lower frequencies. The very
existence of the peak of Im Capp is not a consequence of the glass transition. It is present above
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(211.6 K) as well as below (191.4 K) the glass transition. It marks the transition from the homogeneous to the inhomogeneous frequency region.
The dissipative processes at the glass transition
however gives an extra contribution to Im Capp .
5. Discussion

Fig. 3. The apparent heat capacity, Capp , as a function of log10
of frequency x/(2p). Capp is the ratio of the amplitudes of the
heat displacement and temperature at NTC-bead i.e. raw data.
Temperatures are (h) 211.6 K, (}) 200.0 K, (n) 191.4 K. The
solid lines are ®t to data. (a) At high, 211.6 K and low, 191.4 K
temperatures where the glass transition is outside the frequency
window the real part of Capp is constant in the homogeneous region and decreases on entering the inhomogeneous region. At
200.0 K the glass transition is seen in the homogeneous regime
as a decrease of Re Capp with frequency. (b) In the imaginary
part of Capp the thermal DC-leak contribution is seen at low frequencies. The 200 K-data are above both the 211.6 K- and
191.4 K-data at low frequencies. This is due to the excess contribution to the dissipative processes from the glass transition.
The peak signi®es the transition from the homogeneous to the
inhomogeneous region and is present irrespective of the glass
transition.

To extract the liquid speci®c heat data from
Capp we have to model the thermomechanical interactions between the liquid and its surroundings
as depicted in Fig. 4. The NTC-bead is assumed
in®nitely sti and to have a negligible expansion
coecient (solid-like). Thus the inner radius of
the liquid is clamped whereas the outer is free.
Since (r2 /r1 )3  13 and G/KT < 1, J approximates
cp V well in the homogeneous region (8). A ®nite
stiness of the bead will only improve this. The reticulation of the thermal part of the composed system in Fig. 4 is given as an electrical equivalent
diagram in Fig. 5. The heat resistance of the liquid
droplet is called Rd . The inner thermal structure of
the bead can be modeled by a heat current source,
a heat capacitance, CNTC , and heat resistance,
RNTC . The value of these and their temperature dependencies are found by measurements on the bare
NTC-bead. At 200.0 K CNTC  0.132 mJ/K and
RNTC  150 K/W. The heat resistance R of the leak
is found from the 1/x-component of Im Capp at
temperatures above and below the glass transition
and interpolated into the transition region. At
200.0 K R  1.87 ´ 105 K/W. According to the
nested thermal network of Fig. 5 Capp is connected
to J by

Fig. 4. Energy bond graph of the experiment in Fig. 2 in the
worst case of clamping by the inner core dV(r1 )  0.

T. Christensen, N.B. Olsen / Journal of Non-Crystalline Solids 235±237 (1998) 296±301

301

6. Conclusion

Fig. 5. Equivalent diagram corresponding to the thermal interactions of Fig. 4 in the homogenous frequency region. Q_ NTC
generated heat current, dTNTC measured temperature amplitude, CNTC and RNTC heat capacity and heat resistance of
NTC-bead, J heat capacity of liquid droplet given by Eq. (8),
Rd heat resistance of droplet, R heat resistance of leak from
droplet to cryostat.

Capp  ÿixRNTC  CNTC  fÿixRd
ÿ1 ÿ1 ÿ1 ÿ1 ÿ1

 J  ÿixR  g   :

9

(Notice this becomes simply Capp  ()ixR)ÿ1 +
CNTC + J when RNTC and Rd are negligible.) It
has earlier been found [10] that the normalized
adiabatic bulk modulus of glycerol can be deÿ1
scribed by 1  sÿ1  qsÿa  which is an extension
of the Maxwell model by a scale-invariant term.
Here a, q are two shape parameters and
s  ÿixs T ; where s(T) is a temperature dependent relaxation time. If the mechanical and thermal relaxations in the liquid are connected as
described in Ref. [1] it follows that the normalized isobaric speci®c heat (cp (x) ) cp (1))/
(cp (0) ) cp (1)) is described by a ®tting function
1  p0 s1ÿa = 1  s  p0 s1ÿa . By inserting this expression for cp times the volume V as J in
Eq. (9) and ®tting the data of Fig. 3 in the homogeneous region we ®nd at 200.0 K: Rd  2.2 ´ 102
K/W, cp (0)  2.61 ´ 106 J/K/m3 , cp (1)  1.34 ´
106 J/K/m3 , p0  0.59, a  0.40 and s0  80 s. The
solid lines show the ®t. Extension of the ®t into
the inhomogeneous regime would in principle require the lacking knowledge of, Ks , G(x) and
ap (x). Instead the extension based on putting
G  0 is shown. This corresponds to assuming c1
equals cp in the far inhomogeneous region. Data
is not ®tted well at 211.6 K in the higher frequency
tail of the spectrum. It requires higher accuracy
than in this preliminary study to judge the signi®cance of this deviation.

It has been shown that it is possible to do speci®c heat spectroscopy at the glass transition in a
spherical symmetric geometry. The thermal wavelength may, by frequency, be varied from much
greater to much smaller than the sample size. Thus
the novel method comprises both the homogeneous [15] and inhomogeneous methods [14]. The
eect of the thermomechanical coupling can be fully accounted for. The isobaric speci®c heat can
only be obtained directly in a limited frequency
range namely the homogeneous range. We have
pointed out that AC-calorimetry in dierent geometries leads to dierent kinds of speci®c heat. The
seemingly disturbing thermomechanical eect in
AC-calorimetry could thus be turned into an additional tool of studying the glass transition.
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