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ABSTRACT
In this work, we propose an improved methodology to compute the intrinsic friction coefficient at the liquid–solid (L–S) interface based on
the theoretical model developed by Hansen et al. [Phys. Rev. E 84, 016313 (2011)]. Using equilibrium molecular dynamics, we apply our
method to estimate the interfacial friction for a simple Lennard-Jones system of argon confined between graphene sheets and a system
of water confined between graphene sheets. Our new method shows smaller statistical errors for the friction coefficient than the previ-
ous procedure suggested by Hansen et al. Since we only use the interfacial particles, the interfacial friction calculated using our method is
solely due to the wall–fluid interactions and is devoid of bulk fluid contributions. The intrinsic nature of the friction coefficient has been
validated by measuring the friction coefficient at different interfaces and channel sizes and against direct non-equilibrium molecular dynam-
ics measurements. Our improved methodology is found to be more reliable than the existing equilibrium and non-equilibrium methods
and does not suffer from the well-known convergence and correlation-time ambiguities in the methods formulated along Green–Kubo-like
ideas.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0040191

I. INTRODUCTION
The advent of nanofluidics has propelled research interest

in the microscopic nature of confined fluid flows. Besides the
academic interest, nanofluidics also offers enormous potential in
the development of devices that can push the frontiers of tech-
nology, biology, and medicine.1–4 Design and control of these
nanofluidic devices requires a deep understanding of the funda-
mental behavior of the fluid flow through nanochannels. In the
nanoscale regime, the classical (or standard) macroscale assump-
tions may become inadequate to predict the behavior of the fluid
flow.5–7 One important difference between the nanoscopic and
the macroscopic hydrodynamics is due to non-zero contribution
from the fluid slip at the liquid–solid (L–S) boundary, which
under macroscale flows can be safely neglected. Hence, nanoscale
flows require a more general slip boundary condition to accu-
rately describe its flow behavior, unlike the “no-slip” boundary
assumption typically employed in the macro-scale Navier–Stokes
equation.

A theoretical basis for the slip phenomenon occurring at the
L–S boundary was first given by Navier.8 According to Navier, the
degree of slip at a solid surface is proportional to the magnitude of
tangential stress at the L–S interface. Assuming the fluid is confined
in the z direction and flow is in the x direction, the Navier slip con-
dition at a surface S whose unit normal points into the confined fluid
is given as9

σxz = ξ0ux(z) on S (x, y, z ∈ S), (1)

where σxz is the tangential stress tensor component exerted by the
wall on the fluid, ux is the x component of the velocity at a distance
z away from the wall, and ξ0 is the interfacial friction coefficient.
Combining Eq. (1) with Newton’s law of viscosity (σxz = η0

∂ux
∂z ) and

when z → zwall, we get

us = (
η0

ξ0
)
∂ux

∂z
∣

z=zwall

= Ls
∂ux

∂z
∣

z=zwall

, (2)
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where us is the slip velocity, η0 is the shear viscosity, and Ls = (η0/ξ0)

is known as the slip length. Equation (2) represents the hydrody-
namic boundary condition for a fluid flow with slip at the solid
boundary.

From Eq. (2), it becomes clear that, to quantify the slip occur-
ring at the boundary, we need to estimate the value of either ξ0 or
Ls. Note that while slip is omnipresent, it can safely be ignored at
macroscopic length scales. The sub-nanometer size of the slip region
makes an experimental estimation of these quantities difficult. This
has led to the development of theoretical and computer simulation
techniques to calculate the interfacial slip. Among the atomistic sim-
ulation techniques, molecular dynamics (MD) has evolved into a
stable tool to investigate nanoscale flows. In silico experiments using
MD follow two distinct methodologies, namely, non-equilibrium
MD (NEMD) and equilibrium MD (EMD).

NEMD simulations involve the application of an external field
to the system under consideration and analyzing the response of
the system to this external field.10 For example, NEMD methods for
evaluating slip might involve generating a Hagen–Poiseuille flow or
Couette flow by applying an external field to the confined fluid or
wall.11,12 On the other hand, EMD simulations use the equilibrium
fluctuations of the system to gain insight into the behavior of the
system in the zero external force limit.

Though NEMD simulations are widely used to calculate slip,
the strength of the external field influences the slip length signif-
icantly. The slip length is reported to be constant for low shear
rates but found to increase rapidly and diverge for higher shear
rates.13–15 If one is interested in simulations that match experiment,
then typically one needs to perform many NEMD simulations at dif-
ferent field strengths and extrapolate to the linear regime, where
the slip length is independent of the field strength. This makes
NEMD evaluation of slip a computationally intensive process com-
pared to its EMD counterpart. Besides the computational expense,
a further complication also arises in the NEMD estimation of the
slip length for high slip systems, such as water flowing in graphene
nanochannels, in which the flat velocity profiles can lead to large
errors in estimating the velocity tangent at the fluid–solid interface.15

All these issues demand an EMD based methodology to obtain a
reliable estimate for the slip at the interface.

Initial attempts to calculate the friction coefficient ξ0 using
EMD simulations were made by Bocquet and Barrat (BB).16,17 In
their 1994 paper,16 Bocquet and Barrat derived a time correla-
tion integral expression to calculate the equilibrium Navier friction
coefficient given by

ξ0 =
1

AkBT∫
t=∞

0
CFtot

x Ftot
x
(t)dt, (3)

where kB is the Boltzmann constant, T is the temperature of the sys-
tem, A is the surface area of the wall, Ftot

x is the x component of the
total tangential force acting on the confined fluid due to the wall, and
CFtot

x Ftot
x
(t) = ⟨Ftot

x (t)Ftot
x (0)⟩ is the time correlation function at a cor-

relation lag time, t. By deriving Eq. (3), BB did a commendable job in
developing a theoretical methodology to calculate ξ0 from the statis-
tical fluctuations of the bulk fluid, similar to that of other transport
coefficients. BB also verified the validity of their phenomenologi-
cal model by comparing the values of time correlation functions in
Eq. (3) with the data obtained from MD simulations.

Though the BB method has been widely used to calculate
the friction coefficient of confined fluid flows, recent studies have
reported that ξ0 obtained using Eq. (3) only provides an effective
value for the friction coefficient of the system instead of the intrin-
sic friction coefficient at the interface.18–20 Another issue faced by
this methodology is that the force autocorrelation in Eq. (3) pro-
vides a consistent plateau value of ξ0 only if the thermodynamic
limit is achieved for the system.21,22 Though the BB method can pro-
vide appreciable results for semi-infinite cases where the fluid is in
contact with a single solid boundary, a nanoconfined system usu-
ally consists of far fewer particles than the thermodynamic limit,
which in turn means that the integral of the force autocorrelation
for the finite system converges to zero as the correlation lag time t
approaches infinity.21,23,24 This is due to the fact that Green–Kubo
formulations are only strictly valid in the zero wavevector limit,
which is never the case for confined fluid systems. Hence, the friction
coefficient calculated using Eq. (3) decays algebraically with increas-
ing t. Though recent studies25–29 have shown significant progress in
finding solutions to the “the plateau problem” encountered in the BB
method, an alternative theory that does not follow a Green–Kubo-
like formalism and only considers the interfacial friction was con-
sidered a useful new development, such as that proposed by Sokhan
and Quirke.30

Hansen et al.19 investigated this issue and developed an alterna-
tive theoretical model to calculate the interfacial friction coefficient.
In their model to maintain the interfacial integrity of the quantity,
they considered the statistical fluctuations of a slab of particles (in
a slab width of approximately one molecular diameter) close to the
solid wall to estimate the value of the friction coefficient. For suffi-
ciently small relative velocities between this slab and the wall, they
proposed a Langevin type linear constitutive equation given by

Fx(t) = −∫
t

0
ζ(t − τ)Δux(τ)dτ + Fr(t), (4)

where Fx(t) is the wall–slab shear force at time t in the x direction, ζ
is the friction kernel, and Δux = uslab,x − uwall,x is the x component of
relative velocity between the wall and the slab. For immobile walls,
Δux = uslab,x = ux. Fr is a random force term that has zero mean
and is uncorrelated with uslab,x. The expression for steady flows is
obtained by taking the time average of Eq. (4),

⟨Fx⟩ = −ζ0⟨Δux⟩ = −ξ0A⟨Δux⟩, (5)

where ξ0 is the zero frequency friction coefficient or intrinsic friction
coefficient and A is the surface area.

One important parameter that influences the value of the
intrinsic friction coefficient is the width of the slab. If the slab width
is not chosen appropriately, the friction coefficient calculated from
the slab particles will include both frictional and viscous forces.
Niavarani and Priezjev31 reported that the density of the first fluid
layer adjacent to the wall is a crucial component in determining the
value of the friction coefficient. This observation was in accordance
with previous MD studies, which also suggested a strong correlation
between the slip length and the surface-induced order of the first
fluid layer.32–34 From these studies, we assume a slab width equal
to the width of the first fluid density peak to predict the intrinsic
friction coefficient of the confined system accurately.
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Since ξ0 in Eq. (5) is calculated from only the interfacial par-
ticles, the method proposed by Hansen et al.19 may be considered
as a local description to compute the interfacial friction coefficient,
in that it does separate out the (local) interfacial frictional and more
long-range viscous contributions of the fluid. However, implemen-
tation of this method can result in a poor statistical averaging due
to the limited number of particles at the interface. In this work, we
address this issue in the original work of Hansen et al.19 and pro-
pose an alternate and statistically superior methodology to calculate
the intrinsic friction coefficient at the boundary. Section II provides
a detailed description of the derivation of our new method. After
Sec. II, we discuss the computational details of this study, which is
then followed by a section on the results and discussion.

II. THEORY
We start from the linear constitutive relation in Eq. (4), which

when multiplied with uslab,x and ensemble averaged over different
independent initial conditions gives us

CuxFx(t) = −∫
t

0
ζ(t − τ)Cuxux(τ)dτ, (6)

where CuxFx(t) = ⟨ux(0)Fx(t)⟩ and Cuxux(t) = ⟨ux(0)ux(t)⟩ are the
time correlation functions at a correlation lag time t. The Laplace
transform of Eq. (6) converts the integral expression in the time
domain into a more convenient algebraic expression in the s domain,

C̃uxFx(s) = −ζ̃(s)C̃uxux(s), (7)

where s is the Laplace coordinate and the Laplace transform of a
function f (t) is defined as

L[ f (t)] = ∫
∞

0
f (t)e−stdt = f̃ (s). (8)

From Eq. (7), we can compute the steady-state friction coefficient
directly as

ξ0 = lim
s→0

ζ̃(0)
A
= −

1
A

C̃uxFx(0)
C̃uxux(0)

. (9)

However, the friction coefficient computed using Eq. (9), which we
define as Method-1, has large statistical uncertainty due to the vari-
ability associated with the raw data. Hence, to reduce the statistical
variability associated with ζ(s), Hansen et al.19 approximated the
friction kernel ζ to be a Maxwellian memory function10 given by

ζ(t) =
n

∑

i=1
Bie−λit . (10)

They also reported that a one-term Maxwellian memory function
was sufficient to describe the friction kernel for a simple fluid, i.e.,

ζ(t) = B1e−λ1t , (11)

which implies

ζ̃(s) =
B1

s + λ1
. (12)

Note that for liquids with slower relaxation times, such as poly-
mer melts or glassy systems, a single one-term Maxwellian function
might not be sufficient. Substituting Eq. (12) in (7), we get

C̃uxFx(s) = −
B1

s + λ1
C̃uxux(s). (13)

A regression fit can be performed on Eq. (13) to compute the
Maxwellian fitting parameters B1 and λ1, which are further used to
compute the steady-state friction coefficient as

ξ0 =
ζ̃(0)

A
=

B1

Aλ1
. (14)

In this study, we propose an alternative methodology to com-
pute the Maxwellian parameters, where instead of performing a
regression fit to Eq. (13) we integrate along the Laplacian domain
to compute B1 and λ1. From now on, we define the regression fit
method as Method-2 and our new methodology, which we will
describe in detail shortly and involves integrating ζ̃(s), as Method-3
for clarity. Figure 1 shows the schematic representation of the sta-
tistical dispersion associated with the Maxwellian parameters when
computed using Method-2 and Method-3.

The variance associated with ζ̃(s) = C̃uxFx(s)/C̃uxux(s) when
calculated using Method-2 is given as

σ2
(s) =

∑
N
k=1 (ζ̃k(s) −

¯̃ζ(s))
2

N
, (15)

where ¯̃ζ(s) = ∑
N
k=1 ζ̃k(s)

N and N = number of independent simulations
(i.e., trajectories). Thus, the mean of variance of σ2

(s) for Method-2

FIG. 1. Schematic representation of the variance involved with ζ̃(s) when com-
puted using Method-2 and Method-3. The black solid curve represents the average
ζ̃(s), computed over N independent trajectories. The red and green solid curves
represent the upper and lower limits for ζ̃(s), respectively, and the shaded part
corresponds to the region along which ζ̃(s) can vary. The red hashed region
corresponds to the area under the red solid curve, and the green hashed region
corresponds to the area under the green solid curve. Σi and Σj are arbitrary points
in the domain of s.
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when averaged over the entire s domain between arbitrary points Σi
and Σj can be written as

SAvg
M−2 =

∑
Σj
s=Σi

σ2
(s)

n
, (16)

where n = total number of data points in the s domain.
As we will shortly describe, our newly proposed Method-3

will involve integrating the ζ̃(s) curve. Hence, the statistical uncer-
tainty is proportional to the variance of the area under the curve
(AUC). The area under the curve (AUCk) ζ̃k(s) for each independent
trajectory k is given as

AUCk = ∫

Σj

Σi

ζ̃k(s)ds. (17)

Hence, the mean of variance associated with Method-3 is given as

SAvg
M−3 =

∑
N
k=1 (AUCk −AUCmean)

2

N
, (18)

where AUCmean =
∑N

k=1 AUCk
N and again N is the number of indepen-

dent trajectories.
Since the statistical fluctuations in the area under the curve will

be smaller than the fluctuations in the curve itself, we conjecture here
that

SAvg
M−3 < SAvg

M−2, (19)

which should result in better statistical precision for the computed
interfacial friction coefficient. We will show this to be the case in
Sec. IV.

To implement Method-3, Eq. (13) can be rearranged and inte-
grated from an arbitrary minimum Σi to an arbitrary maximum Σj,

∫

Σj

Σi

s + λ1

B1
ds = −∫

Σj

Σi

C̃uxux(s)
C̃uxF′x(s)

ds

⇒
1

B1
[

Σ2
j − Σ2

i

2
+ λ1(Σj − Σi)] = Λ,

(20)

where Λ = −∫
Σj

Σi

C̃ux ux (s)
C̃ux F′x

(s)ds, which can be numerically determined

directly from EMD simulations.
To solve for the parameters B1 and λ1, we need two equa-

tions. This can be obtained by taking two different integral limits
for Eq. (20), i.e., Σ1 to Σ2 and Σ3 to Σ4,

1
B1
[

Σ2
2 − Σ2

1

2
+ λ1(Σ2 − Σ1)] = Λ1 (21)

and

1
B1
[

Σ2
4 − Σ2

3

2
+ λ1(Σ4 − Σ3)] = Λ2. (22)

Dividing Eq. (21) by Eq. (22) and taking Λ1/Λ2 = C, we find

[
Σ2

2 − Σ2
1

2
+ λ1(Σ2 − Σ1)] = C[

Σ2
4 − Σ2

3

2
+ λ1(Σ4 − Σ3)]. (23)

Rearranging Eq. (23), we get

λ1 =
(Σ2

2 − Σ2
1 − C(Σ2

4 − Σ2
3))

2(C(Σ4 − Σ3) − Σ2 + Σ1)
. (24)

By substituting the value of λ1 in Eq. (21) or (22), we can obtain
the value of B1. Finally, the fluid–solid intrinsic interfacial friction
coefficient ξ0 can be found by substituting the parameters B1 and λ1
in Eq. (14).

III. METHODOLOGY
We perform molecular dynamics simulations using the large

atomic/molecular massively parallel simulator35 (LAMMPS) pack-
age to verify the reliability of our new methodology. The fric-
tion coefficient at the liquid–solid interface was investigated for
two different model systems, namely, argon and water confined in
graphene nanochannels. Schematic illustration of the confined sys-
tem is shown in Fig. 2, where graphene sheets are placed in the x–y
plane with periodicity in both directions and confinement along the
z axis.

Each wall consists of three layers of stacked uncharged
graphene sheets kept at an interlayer distance of 3.4 Å. The outer-
most layer at each wall is kept fixed to maintain a constant system
size. The dimensions for the graphene nanochannel in the x–y plane
are Lx = 36.87 Å and Ly = 35.61 Å. The intralayer carbon interactions
for the graphene sheets were modeled using the optimized Tersoff
potential.36,37 A weak Lennard-Jones (L-J) potential is also applied
between the interlayer carbon atoms to hold the graphene sheets
together.14,15

The fluid–fluid (argon–argon) and fluid–wall (argon–carbon)
interactions in the argon–graphene system are modeled using a
truncated and shifted Lennard-Jones (L-J) potential,

ϕtr =

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

4ϵ
⎡
⎢
⎢
⎢
⎢
⎣

(
σ
rij
)

12

− (
σ
rij
)

6⎤
⎥
⎥
⎥
⎥
⎦

− ϕ(rc) if rij ≤ rc

0 if rij > rc,

(25)

where rij is the interatomic distance between atoms i and j, and
σ and ε are the length scale and interaction strength, respectively.
The interaction cutoff rc is kept at 10 Å. The values of the L-J
parameters for the argon–graphene system are given in Table I. The
fluid–wall L-J parameters are derived using the Lorentz–Berthelot
rule. Argon is filled inside the graphene nanochannel at an average
density of 1361.8 kg m−3. The simulated state point for argon in our
argon–graphene system corresponds to the state point with reduced
density ρ∗ = 0.8 and a reduced temperature T∗ = 1.0 in the study by
Rowley and Painter.38

For the water–graphene system, we use the SPC/E39,40 water
model with the bond and angles of each water molecule constrained
using the SHAKE41 algorithm in LAMMPS.35 Each hydrogen atom
in the water molecule carries a partial charge of 0.4238e, and an
oxygen atom carries a partial charge of −0.8476e, where e is the
elementary charge of an electron. The water–carbon interaction
parameters are taken from the study of Werder et al.42 The L-J
parameters for the water–graphene system are given in Table II.
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FIG. 2. (a) Schematic representation of the confined system. (b) Top view of the graphene channel.

The interaction cutoffs for Lennard-Jones and short-range Coulom-
bic interactions were both kept at 10 Å. The long-range electro-
static interactions are calculated using the Ewald algorithm with
the particle–particle–particle–mesh solver43 of LAMMPS35,44 with
a relative root mean square error in the per-atom force calcu-
lations below 1 × 10−6. To accommodate the non-periodicity in
the z direction, we use the corrected Ewald algorithm EW3DC,44

where the ratio of extended volume to actual channel size is set
as 3.0.

The equations of motion for all particles are integrated
using the Velocity-Verlet45 scheme of LAMMPS35 with an inte-
gration time step Δt = 1 fs. The total simulation run time for
the argon–graphene system is 6 ns. The initial 2.0 ns is used to
equilibrate the argon–graphene system at 120 K in the canonical

TABLE I. Interaction parameters for the argon–graphene system. The distance
between inner-most graphene sheets for the system is Lz = 51 Å.

σAr-Ar

(Å)
σAr-C

(Å)
σC-C

(Å)
εAr-Ar

(kcal/mol)
εAr-C

(kcal/mol)
εC-C

(kcal/mol)

3.4 3.4 3.4 0.238 46 0.115 18 0.055 641

(NVT) ensemble by thermostating the walls using a Langevin ther-
mostat.46 After equilibration, a further 2.0 ns run in the micro-
canonical (NVE) ensemble is performed to verify the stability of the
argon–graphene system. The final 2.0 ns is used to collect data for
post-processing. For the water–graphene system prior to the equili-
bration at a constant temperature, the channel width is adjusted to
maintain an internal pressure of 1 bar by fixing the bottom wall and
using the top wall as a piston to apply pressure at 300 K. After setting
the internal pressure, the water–graphene system is equilibrated for
2.0 ns at 300 K by thermostating the walls using the Langevin ther-
mostat.46 The equilibration stage is followed by a 2.0 ns run in the
(NVE) ensemble to verify the system stability, and a final 2.0 ns run
is performed to collect the data for post-processing. 50 independent

TABLE II. Interaction parameters for the water–graphene system. The C–C interac-
tion parameters are the same as in Table I, and the distance between the inner-most
graphene sheets is Lz = 40.898 Å.

σO-O

(Å)
σH-(O,H,C)

(Å)
σO-C

(Å)
εO-O

(kcal/mol)
εH-(O,H,C)

(kcal/mol)
εO-C

(kcal/mol)

3.166 0.0 3.19 0.155 35 0.0 0.093 69
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simulations for argon–graphene and water–graphene systems were
performed to obtain sufficient statistics.

IV. RESULTS AND DISCUSSION
The validity of the constitutive equation in Eq. (4) depends on

the width of the slab chosen. Niavarani and Priezjev31 showed that
the fluid layer adjacent to the wall has a crucial role in determining
the value of the friction coefficient. From Fig. 3, we observe that the
first fluctuation in the fluid density for both systems extends approx-
imately up to 5 Å away from the wall. Hence, we consider a slab of
particles 5 Å away from each wall to calculate ξ0. We further note
that the choice of slab width was discussed in detail by Hansen et al.19

and we refer the reader to this for further information.
Now, we calculate the friction coefficient at the L–S interface

using the different methods derived from the model proposed by
Hansen et al.19 The initial step of each method transforms the time
correlation functions defined in Eq. (6) into the Laplacian space. We
only consider the Laplace domain ranging from s = 0 to 1.0 for our
present study where the single term Maxwellian function for the fric-
tion kernel can be justified, as previously demonstrated.19 Figure 4
shows an example of a time correlation function defined in Eq. (6)
and their corresponding Laplace transform. For the first method,
defined as Method-1, we calculate ξ0 directly from Eq. (9) without
considering any functional form for the friction kernel, whereas for
the second method (Method-2), we compute the friction coefficient
from the Maxwellian parameters using Eq. (14). The Maxwellian fit-
ting parameters are computed from the regression fit of Eq. (13),

where C̃uxFx(s) and C̃uxux(s) are obtained by transforming the sim-
ulation data into the Laplace space, which ranges from s = 0 to 1.0.
Finally, our new method (Method-3) calculates the parameters in
Eq. (14) from the algebraic expressions given via Eqs. (20)–(24). For
Method-3, the integral limits for the Laplacian domain in Eqs. (21)
and (22) were taken as Σ1 = 0, Σ2 = Σ3 = 0.5, and Σ4 = 1.

A parameter that significantly affects the reliability of the value
of friction coefficient obtained using equilibrium methods is the
choice at which the upper limit of correlation lag time t in Eqs. (3)
and (6) should be truncated. In the case of the BB method, as t
in Eq. (3) increases, the value of the friction coefficient decreases
and is thus ambiguous. Now to investigate the influence of this
issue on our methodology, we compare the friction coefficient val-
ues from the correlation functions truncated at different correlation
lag times. Figures 5(a) and 5(b) plot the friction coefficient val-
ues computed at different correlation lag times for argon–graphene
and water–graphene systems, respectively. Since the confined system
consists of two walls and we perform 50 independent simulations,
there will be 100 values of friction coefficient to average from, for
each correlation lag time plotted in Fig 5. Though all three methods
show similar results for shorter times, ξ0 calculated using Method-1
and Method-2 becomes statistically less reliable as the correlation lag
time increases, whereas Method-3 shows consistent values of fric-
tion coefficient over the entire range of correlation lag times with
smaller statistical errors than Method-1 and Method-2. To quan-
tify the statistical consistency of our new methodology, we also plot
a histogram distribution of the friction coefficient values over all
the correlation lag times in Figs. 5(c) and 5(d) and observe that
the least statistical dispersion is shown by Method-3. The reason

FIG. 3. (a) Density profile for the
argon–graphene system. (b) Density
profile for the water–graphene system.
The green shaded region represents the
slab width.

FIG. 4. Normalized time correlation
functions for (a) argon–graphene and
(b) water–graphene systems. Red filled
squares represent Cux ux(t), and red
filled circles represent Cux Fx

(t). The
inset plot represents the corresponding
normalized Laplace transform.
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FIG. 5. First row: variation of friction
coefficient with correlation time inter-
vals for (a) argon–graphene and (b)
water–graphene systems. The correla-
tion lag times studied are t = 5, 10,
20, 25, 40, 50, 80, and 100 ps. The
error bar for each correlation lag time
is obtained from a set of 100 val-
ues of friction coefficient and denotes
one standard error. Second row: his-
togram distribution of friction coefficient
values for (c) argon–graphene and (d)
water–graphene systems. The total num-
ber of data points under each histogram
is 800. σ represents the standard devia-
tion of the distribution.

behind this statistical superiority of Method-3 can be explained from
Fig. 6, which shows SAvg

M−2 and SAvg
M−3 at different correlation lag times.

As we conjectured earlier, SAvg
M−3 < SAvg

M−2 for all correlation lag times,
which in turn supports our starting hypothesis and demonstrates the
improvement of our new methodology.

We now apply our method to calculate the friction coefficient
with different solid–fluid interactions for the argon–graphene sys-
tem. The wall–fluid potential is varied using a relative parameter
εr = εsf/εff, where εsf and εff are the interaction strengths between
solid–fluid and fluid–fluid particles in the system, respectively. We
investigate three different wall–fluid interaction strengths (εsf) with

εr = 0.3, 0.5, and 1.0. The fluid–fluid interaction strength (εff) is
always taken as 0.238 46 kcal/mol. Figure 7(a) shows the variation
of the intrinsic friction coefficient for the different wall–fluid inter-
actions, and from the figure, it is evident that the more energetically
favorable the solid–fluid interaction is, the larger the friction coeffi-
cient becomes. This inference confirms the reliability of our method-
ology in the investigation of the interfacial friction for different
surface–liquid interactions.

We also verify the channel size independence of our method-
ology by calculating the friction coefficient for two different
argon–graphene system sizes, Lz = 51 Å (15σ) and 102 Å (30σ).

FIG. 6. Average variance in Methods
2 and 3, as defined by Eqs. (16) and
(18), at different correlation lag times for
the (a) argon–graphene system and (b)
water–graphene system.
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FIG. 7. (a) Variation of friction coeffi-
cient with varying wall–fluid interaction
strength. (b) Variation of friction coef-
ficient for different channel widths and
σ = σAr-Ar = 3.4 Å.

From Fig. 7(b), we can conclude that the friction coefficient calcu-
lated using our method is system size independent. Hence, Figs. 7(a)
and 7(b) combined satisfy the conditions suggested by Cieplak
et al.47 for an equilibrium slip quantity to be an intrinsic property
of the solid–fluid interface.

The frequency-dependence of the friction coefficient can be
obtained by taking the Fourier transform of the friction kernel
defined in Eq. (10),

ζ(ω) =
B1λ1

λ2
1 + ω2 − i

B1ω
λ2

1 + ω2 , (26)

where ω is the angular frequency. Figure 8 shows the variation of
the real and imaginary components of the friction kernel with ω
for the argon–graphene system with three different L–S interfaces.
As expected, the real component for all systems decreases mono-
tonically. However, for the imaginary component, we observe that
the higher the value of the steady state interfacial friction (ξ0.3

0 < ξ0.5
0

< ξ1.0
0 ) of the system, the larger is the shift in the peak frequency (ωp)

to the right, i.e., ω0.3
p < ω0.5

p < ω1.0
p . This is indicative of the effect the

L–S interface has on the shear relaxation of the confined fluid, which
can have significant interest in the study of oscillatory flows.

FIG. 8. Complex frequency dependent friction coefficient ξ(ω) for different sys-
tems. The solid and dashed lines indicate the variation of real (r) and imaginary (i)
parts of the friction coefficient, respectively.

Now, we compare Method-3 with the existing methods for slip
estimation. For the EMD comparison of the slip, we use the BB
method defined in Eq. (3) to compute the friction coefficient. For
Eq. (3), BB commented that the choice of the upper limit of the
correlation lag time t should be made judiciously to avoid spurious
results for ξ0. This is because the integral of the force autocorre-
lation function for a finite system vanishes to zero in the infinite
time limit.21,23,24 A viable workaround to this issue is to consider ξ0
only up to the correlation lag time that shows a plateau for the inte-
grated force autocorrelation function.48,49 From Fig. 9, we observe
that the plateau behavior for the running integral of ξ0 is shown only
up to t = 5 ps, beyond which there is no observable plateau. Hence,
for the BB method, we will use the value of friction coefficient at
t = 5 ps for comparison. In addition, from the inset plots in Fig. 9,
we can see that Method-3 provides more consistent values of fric-
tion coefficient at different correlation lag times compared to the BB
method.

To verify our EMD calculations, we perform NEMD simula-
tions on both argon–graphene and water–graphene systems. For the
NEMD calculations, we simulate a Hagen–Poiseuille flow by apply-
ing an external field to the confined fluid. We perform 20 indepen-
dent simulations at each external field to obtain sufficient averaging
for the results. We used the same thermodynamic conditions for
NEMD simulations similar to our EMD simulations, i.e., 120 K for
the argon–graphene system and 300 K for the water–graphene sys-
tem. The systems were maintained at the required temperature by
thermostating the walls using the Langevin thermostat.46

Even though the slip at the L–S boundary is quantified by the
slip length, systems with high slip generate a flat velocity profile,
which can in turn lead to large errors in the NEMD slip length
estimation, as described by Kannam et al.15 An alternative method
based on classical hydrodynamics is to compute the NEMD friction
coefficient and from that use the definition of the slip length as the
ratio of the shear viscosity to the friction coefficient to estimate the
slip length. Hence, to estimate the NEMD friction coefficient, we use
the Navier slip relation in Eq. (1),

σxz = τ = ξ0us. (27)

The frictional shear stress at the wall–liquid interface τ is given as50

τ =
NmFe

2A
, (28)
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FIG. 9. (Main plot) Friction coefficient calculated for different correlation time intervals, calculated using the BB method for (a) argon–graphene and (b) water–graphene
systems. The correlation times in the horizontal axis are normalized with respect to their maximum value for better representation. The running integral for each correlation
lag time is averaged from a dataset of size 100 (50 independent simulations for two walls). (Inset plot) Variation of friction coefficient with correlation lag times for (red filled
circle) Method-3 and (green filled square) BB method. The error bars denote one standard error.

FIG. 10. NEMD estimated friction coef-
ficient as a function of the external field
(force per unit mass, i.e., acceleration)
for (a) argon–graphene and (b) water–
graphene systems. The hashed horizon-
tal line represents the average value of
ξ0 at the critical external field, which is
∼1 × 1011 ms−2 for argon–graphene and
∼ 1.25 × 1011 ms−2 for water–graphene
systems.

FIG. 11. Comparison of ξ0 calculated using different methods for (a) argon–graphene and (b) water–graphene systems. Red filled circles represent ξ0 calculated using
Method-3 at different correlation lag intervals. The dashed line shows the average ξ0 calculated using the BB method at the correlation lag time t = 5 ps, and the dotted lines
correspond to the upper and lower limits of the BB friction coefficient. The green shaded region represents the NEMD friction coefficient range at the critical external field,
i.e., ∼1 × 1011 ms−2 for argon–graphene and ∼1.25 × 1011 ms−2 for water–graphene systems.
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where N is the number of molecules, m is the molecular mass, Fe
is the external applied field, and A is the wall surface area. The slip
velocity us is obtained by fitting the velocity profile from the NEMD
simulations with a quadratic expression

ux(z) = az2
+ b, (29)

where a and b are the fitting parameters. Hence, the slip velocity is
calculated from the end points of the fitted parabola in Eq. (29) as

us =
ux(−Lz/2) + ux(Lz/2)

2
, (30)

where Lz is the channel width. Note here, however, that this estima-
tion of the slip velocity, and hence the friction coefficient, is based on
an assumption that the velocity profile is strictly parabolic, which is
not true for highly confined fluids.51 It is for reasons such as this,
as well as non-local viscosity effects for highly confined fluids,11

that make a priori statistical mechanics calculations of the friction
coefficient and estimates of slip length preferable.

Figure 10 plots the NEMD estimates of friction coefficient as a
function of the applied external field (the force per unit mass, i.e.,
the acceleration). It is clear from the figure that the friction coef-
ficient diverges beyond a critical value of the external field, which
is the limit wherein we can safely assume we are within the linear
regime. Hence, we compare the NEMD friction coefficient within
the critical external field limit with our EMD calculations, as shown
in Fig. 11. From Figs. 11(a) and 11(b), we find that ξ0 calculated
using Method-3 provides closer agreement to the NEMD friction
coefficient compared to the BB method.

V. CONCLUSION
Quantifying the friction at the solid–liquid interface is essential

in the efficient design of micro/nanofluidic devices. In this work, we
derived an EMD methodology (Method-3) to calculate the intrin-
sic friction coefficient at the liquid–solid boundary, based on the
theoretical model proposed by Hansen et al.19 The present method-
ology calculates the friction coefficient by integrating with respect
to the Laplace coordinate of the time correlation functions, result-
ing in a statistically more precise value of friction coefficient based
on the model of Hansen et al.19 Since we use only the first adja-
cent fluid layer to the wall, the friction coefficient calculated using
our method is an intrinsic property of the solid–fluid interface. The
friction coefficient calculated using our method is sensitive to the
wall–fluid interactions, and independent of the channel size, veri-
fying the intrinsic nature of the proposed methodology.47 We also
observe that Method-3 provides the best fit to the NEMD friction
coefficient in the linear regime. Since Method-3 provides consistent
estimates for the friction coefficient solely based on the interfacial
particles, we present our improved methodology as an effective alter-
native to the traditional NEMD and EMD methods to compute the
slip or friction at the L–S interface. We furthermore observed that
the magnitude of the steady-state friction coefficient has a signif-
icant influence on the shear relaxation of a confined fluid. Future
investigations will look more into understanding the influence of
surface properties on the frequency-dependent friction coefficient
of confined flows.

Also in the future, we intend to apply our method to calcu-
late the interfacial friction for more complex systems, such as con-
fined lubricants or ionic systems. Since the proposed methodology
does not require the convergence of time correlation functions, we
expect to obtain statistically consistent values for the intrinsic fric-
tion coefficient even for slowly relaxing systems, such as long-chain
polymeric fluids, with suitable modifications to the theory.
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