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Abstract

In this work a comparison of dielectric and mechanical data is presented based on experiments
within the linear response limit and beyond that limit. The linear dynamic and
shear-mechanical response is discussed in terms of the molecular supercooled liquid
tetramethyl-tetraphenyl-trisiloxane. As the dynamics measured by the two methods depict the
same temperature-dependence, the underlying cause for the observed responses is assumed to
be identical for both methods, namely structural relaxation. The comparison of dielectric and
mechanical measurements under high excitation amplitudes reveals that this cannot be
assumed for the nonlinear response: Mechanical experiments on metallic glasses suggest that
involved energies are clearly beyond kB T, with observed nonlinear effects based on the
activation of microstructural plastic rearrangements. In contrast, nonlinear dielectric
measurements on another molecular glass-former involve energies clearly below kB T, so that
nonlinear dielectric effects occur due to energy uptake from the electric field or entropy-based
changes in the dynamics, but are very unlikely connected to the triggering of plastic
rearrangements by the applied electric field.
Keywords: linear response, nonlinear response, dielectric spectroscopy, mechanical
spectroscopy, compliance
(Some figures may appear in colour only in the online journal)

τ α (T g ) = τ g = 100 s. While this criterion based on τ g might
appear straightforward, such a definition of T g does not specify how to measure the (primary or α-) relaxation time. In
any case, the dynamics of the equilibrium liquid just above T g
will impact the properties of the non-equilibrium glassy state
obtained by lowering the temperature at a specific cooling rate.
Many different experimental techniques are capable of
observing signatures of the primary structural relaxation:
optical scattering techniques [4], dielectric spectroscopy [5],
mechanical measurements [6], nuclear magnetic resonance
techniques [7], as well as calorimetry [8], to name a few.
Common to these techniques is the observation of a superArrhenius temperature dependence for τ α (T ), often following the empirical Vogel–Fulcher–Tammann (VFT) relation
[9, 10, 11]:

1. Introduction
The glassy state of matter is key to many technological applications, but also poses challenging questions regarding the
fundamental sciences of structure and dynamics of these noncrystalline solids. In many cases, the supercooled liquid is the
precursor to the glassy state, which can be achieved by cooling
the liquid below the glass transition temperature T g [1]. Alternatively, the transition into the glassy state can also be driven
by pressure elevation, by solvent evaporation, or by physical
vapor deposition onto substrates held at T < T g [2, 3]. Experimentally, the glass transition appears as a kinetic effect, and
the value of T g is thus defined somewhat arbitrarily by the
temperature at which the average structural relaxation time is
3
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Figure 1. Linear storage and loss contribution of shear compliance J(ω) and shear modulus G(ω) for tetramethyl-tetraphenyl-trisiloxane at

temperatures ranging from T = 215 to 232 K in 2 K steps measured in parallel-plate geometry. Data from reference [16].
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properties. For instance, a low amplitude mechanical shear
experiment follows Hooke’s law of linear response, but high
shear rates may lead to shear thinning or even sample failure. In this regime, analysis tools such as Boltzmann superposition principle, Kramers–Kronig relations, and the fluctuation dissipation theorem no longer apply, thereby complicating
the comparison of results from different techniques even further. Forces that drive the system beyond the regime of linear
response remove the system away from equilibrium, and one
approach to characterizing a non-equilibrium state is based
on the concept of the fictive temperature, T f [13]. For a nonequilibrium state X noneq at temperature T, this variable T f is
generally defined as the temperature that produces the same
state X equil if the system were in equilibrium, X noneq (T ) =
X equil (T f ).
This work focuses on the comparison of shear mechanical and dielectric relaxation, two widely applied techniques
used to characterize the dynamics of glass forming materials.
A main point to be stressed is that understanding the relation between mechanical and dielectric responses in the linear
response is no guarantee for an analogous relation to apply for
the two nonlinear counterparts.

(1)

When different techniques are employed to measure the
temperature dependent relaxation behavior for the same material, it is often found that the resulting τ α (T ) curves all follow
the VFT pattern. Moreover, very similar activation parameters B and divergence temperatures T 0 can be obtained from
different techniques, whereas the offset A is more technique
specific. Despite the similarities in the activation behavior, different techniques probe different correlation functions which
are bound to display different values for τ α at a given temperature and pressure. To date, there is no straightforward method
of predicting the relaxation function for one technique from
that of another.
The typical approach to characterizing the relaxation
dynamics of a material is to perturb the system, i.e., to alter
the value of an external variable such that the system is forced
to approach the new equilibrium state by a relaxation or retardation process. It is usually desired to keep the magnitude of
the perturbation sufficiently small so that properties such as
the relaxation times are not altered considerably by virtue of
the perturbation. This represents the limit of linear response
[12], i.e., the regime in which the response function does not
depend on the magnitude of the perturbation. The majority of
relaxation experiments fall into this category.
In recent years, relaxation behavior outside the linear
response regime has gathered significant interest. When perturbations become large enough in magnitude, the technique
applied not only probes the sample but also modifies its

2. Mechanical and dielectric response in the linear
limit
In the linear response regime, the stress-strain relation is characterized by Hooke’s law. In its generalized form it reads
σi j = ci jkl · γkl ,
2

(2)
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Figure 2. Linear storage and loss contribution of dielectric permittivity ε(ω) and dielectric modulus M(ω) for tetramethyl-tetraphenyltrisiloxane at temperatures ranging from T = 211 to 240 K. Data from reference [16].

with the stress tensor, σ i j, the strain tensor, γ kl , and the elasticity tensor, ci jkl , which holds 81 entries, but is significantly
reduced due to symmetry relations. Thus, for isotropic materials, the mechanical response to an arbitrary excitation can be
characterized by a pair of two moduli from the following set
of quantities: bulk modulus, shear modulus, Young’s modulus,
Poisson’s ratio, and longitudinal modulus.
One of the most fundamental moduli is the shear modulus,
G, which characterizes a volume preserving deformation, measuring the elastic resistance to shape-change. In case of a shear
deformation, the linear stress-strain-relation can be expressed
as
σ = G · γ,
(3)

The storage and loss contribution of both shear compliance
and shear modulus are shown for several temperatures very
close to and above the glass transition temperature T g for
tetramethyl-tetraphenyl-trisiloxane.
The peak of the loss modulus data in figure 1(d) and its corresponding step in the storage modulus G (figure 1(c)) reflect
the transition from glassy to liquid-like behavior. Normalizing
the loss modulus to the amplitude and position of the loss peak
results in a collapse of the spectra, indicating that the principle of time-temperature-superposition is obeyed within the
investigated temperature range. The low-frequency flank of the
loss spectra follows a powerlaw with exponent one, reflecting
Newtonian behavior [17]. In comparison to modulus data, the
compliance is more sensitive to the material’s shear-flow [17].
The loss contribution shown in figure 1(b) can be described
as a sum of a viscosity-related term, which is equal to the
inverse product of viscosity and angular frequency, and the
relaxational term. By subtraction of this viscosity-related term
from the overall loss compliance, the timescale connected to
the shear compliance can be determined from the maximum of
the resulting loss difference.
The constitutive relations representing the retardation and
relaxation function pairs for linear dielectric and shearmechanical experiments read with the permittivity of vacuum
ε0 , the dielectric displacement D, and the electric field E. Thus,
following the same principle as in the shear-mechanical case,
the dielectric permittivity equals the conjugated dielectric
modulus [18], ε(ω) = 1/M(ω), or

where the strain represents the exciting force that relates to the
stress response σ in the manner of a conventional relaxation
experiment. The conjugate of the shear modulus is experimentally addressed by a stress-driven retardation experiment, and
referred to as complex shear compliance, J(ω) = 1/G(ω), or

−1
(4)
J  (ω) − i · J  (ω) = G (ω) + i · G (ω) .
A number of shear-mechanical experimental techniques
involving parallel plate, torsional, or coaxial cylinder geometries allow for a characterization of G(ω) and J(ω) as complex,
dynamic functions. Limitations are typically found as restrictions in the available frequency range due to setup-specific
resonances that define the upper frequency limit or in the measurable viscosity range that is restricted by the setup’s internal
stiffness.
An example of dynamic, shear-mechanical data linearly
measured by a parallel plate technique that was developed
by Olsen and Christensen [14, 15] is given in figure 1.
This technique is capable of measurements of deeply supercooled liquids at frequencies from Millihertz to 10 Kilohertz.


−1
ε (ω) − i · ε (ω) = M  (ω) + i · M  (ω) .

(5)

In case of a dielectric retardation experiment, the complex
dielectric permittivity ε(ω) characterizes the sample response.
The dielectric loss permittivity and modulus are plotted in
3
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and high frequency limits of permittivity, with εs − ε∞ being
the relaxation strength that depends on temperature.
With the above reasoning on the timescale of the dielectric modulus and the uncertainty of the timescale for the
relaxational part of shear compliance due to the necessary
subtraction of the viscosity term, figure 3 is restricted to a
comparison of the dynamics of the shear modulus and the
dielectric permittivity. The dynamics for both response functions show a strong resemblance that can be captured by a fit to
the VFT equation (1). The timescale index, which is the logarithmic distance of the relaxation time determined from the
shear-mechanical data and the dielectric timescale, visualizes
that shear-mechanical and dielectric response share the same
temperature-dependence, indicating that both linear response
functions are related to the same underlying process. This coupling between separate linear response functions seems to be
a general feature for supercooled liquids with a pure primary
relaxation contribution [16, 21, 22].
3. Nonlinear dielectric and mechanical response
The nonlinear response regime is characterized by an
excitation-dependent compliance, with the degree of nonlinearity becoming more pronounced with increasing amplitude
of exciting force. Nonlinear effects can appear as an increase or
decrease in the compliance’s steady state value, modification
of its dynamics and also the appearance of higher harmonic
contributions [23].
To give a general description of the relation between an
exciting force F and its nonlinear response R, a power series
can be utilized that reflects the steady state (t → ∞) in the static
limit (ω → 0) for a generalized compliance χ:

Figure 3. (a) Timescales of structural relaxation deduced from

shear-mechanical loss modulus G (ω) and dielectric loss
permittivity ε (ω) for tetramethyl-tetraphenyl-trisiloxane as a
function of temperature based on data from [16]. (b) Timescale
index as a function of temperature given by the logarithmic distance
between the timescale of a response function X, i.e. shear or
dielectric response, and the timescale of the dielectric response.

R = χF + χ(2) F 2 + χ(3) F 3 + χ(4) F 4 + χ(5) F 5 + . . . .

figures 2(b) and (d) for tetramethyl-tetraphenyl-trisiloxane for
the temperature and frequency ranges of the glass transition.
Both representations exhibit a maximum in the loss spectrum, but comparisons of dielectric and shear-mechanical
spectral shapes should be made with caution. Loss spectra
of compliance and its conjugate modulus will generally differ in their shape, but a comparison of spectra in either the
modulus or the compliance representations of different linear response functions may seem straightforward. However,
the shape of M  (ω) is governed by the field-field correlation
function and may thus contain electronic and conductivity contributions that are not directly associated with the primary
structural relaxation [19]. Therefore, even though M  (ω) and
G (ω) are both moduli, their spectra should generally not be
expected to match.
In a comparison of timescales the modulus and compliance representation of dielectric data do not hold identical
temperature-dependence. As the loss modulus is connected
to the loss permittivity as M  (ω) = ε (ω)/|ε(ω)|2 and with
ε(ω) being a monotonously decreasing function of frequency,
it depends strongly on the relaxation strength of the material
how intensely the relaxation timescales of ε(ω) and M(ω) differ. This is reflected in the relation τ ε /τ M = εs /ε∞ [20], where
τ ε and τ M are the respective linear averages of the compliance
and modulus relaxation times, and the εs and ε∞ are the static

(6)

The function of the exciting force can have various forms,
such as a high magnitude bias or a high amplitude harmonic
oscillation in shear strain [24, 25], electric [26, 27] or magnetic field [28]. The following description of nonlinear shear
and dielectric experiments focuses on harmonically exciting
forces F(t) = F 0 cos(ω 0t) for which the generalized response
is regarded as symmetric, i.e., R(F) = −R(−F), so that even
terms of the power series become negligible.
Experimental data of a mechanical single cantilever bending experiment on the metallic glass Pd40 Ni40 P20 are depicted
in figure 4. These data are based on two different amplitudes
of the applied harmonic shear stress. One is within the linear
limit (σ 0 = 10 MPa) resulting in a shear strain with a measurable Fourier-contribution at the exciting frequency only. The
higher stress amplitude (σ 0 = 54 MPa) yields a response connected to the early nonlinear regime as the strain response
contains signal at higher order frequencies (3ν 0 , 5ν 0 ) as well,
while the overall strain response is still mediocre compared to
creep measurements of metallic glasses under bias stresses of
comparable magnitude [29]. Further indications for nonlinear
behavior are found as the compliance value that is identified
as the quotient of shear strain and stress at the excitation frequency ν 0 and which is 10% higher than the one deduced from
4

J. Phys.: Condens. Matter 32 (2020) 494001

B Riechers and R Richert

strain-induced glass transition [31]. The cause of this effect is
discussed as the mechanically induced activation of localized
plastic events, which are cooperative rearranging regions [32]
of local, plastic shear deformation surrounded by an elastically
deformed strain field described by Eshelby analysis [33, 34],
also referred to as shear transformation zones (STZ) [35, 36].
In case of dielectric experiments, multiple nonlinear effects
are known, such as dielectric saturation [37–39], the socalled ‘chemical effect’ connected to the field-dependence
of the Kirkwood-correlation factor gK [39, 40], the electrorheological effect, which is connected to field-induced changes
in entropy, and energy absorption from the electrical field [23].
Experimental dielectric data is shown in figure 5 for the
molecular glass-former glycerol [26]. The plot shows the loss
contribution of dielectric permittivity based on a harmonic
excitation amplitude within the linear limit at electric fields
of E0 = 14 kV cm−1 , and based on E0 = 282 kV cm−1 yielding a nonlinear response for numerous frequencies covering
the relaxation mode spectrum. One feature capturing the nonlinearity of the material’s response is the excess in ε (ω) under
high field amplitude compared to the linear dielectric loss
above the peak frequency. It can be interpreted in terms of a
shift of that part of the spectrum towards higher frequencies,
reflecting a field-induced state of elevated fictive temperature
(T f > T). Interestingly, applying a bias electric field instead of
a high amplitude harmonic field results in the opposite effect.
Here, the field-induced relative changes in the dielectric loss
for all frequencies of the relaxation mode spectrum amount to
a steady state ‘horizontal shift’ consistent with a decrease in
fictive temperature [41].

Figure 4. Strain contributions as mechanical response to harmonic

stress excitation at a frequency of ν 0 = 1 Hz at σ 0 = 10 MPa and
σ 0 = 54 MPa stress amplitudes from a single cantilever bending
experiment on Pd40 Ni40 P20 at 565 K (T g = 575 K). Note that higher
harmonics are not resolved for the lower stress amplitude case.
Inset: corresponding Lissajous representation for measurements
with σ 0 = 10 MPa (blue) and σ 0 = 54 MPa (red).

4. Discussion and conclusion
Comparing the dynamic shear modulus and the dielectric
permittivity in the linear response limit for tetramethyltetraphenyl-trisiloxane, a common temperature-dependence of
the timescale of structural relaxation becomes evident. The
two timescales differ by a positive factor that is constant over
the presented temperature range, a behavior that suggests that
both quantities, shear modulus and dielectric permittivity, are
governed by the same underlying process, namely the process of structural relaxation. The coupling of the timescales
of these two quantities as well as the positive constant factor
connecting the two timescales is observed for various molecular glass-formers. The type of inter-molecular interactions
does not seem to influence this behavior, while secondary processes affect it strongly resulting in an apparent decoupling of
timescales. This effect of secondary or β processes is based on
their temperature dependence, τ β (T ), departing significantly
from that of the primary or α process.
Mechanical experiments can easily be conducted within the
nonlinear response regime, which is marked by the increase in
mechanical compliance with increasing intensity of mechanical excitation, signal contributions at higher order frequencies,
as well as strongly distorted Lissajous-figures. The mechanically induced softening does not necessarily depend on the
type of mechanical excitation and occurs for experiments
involving a bias mechanical excitation as well as for oscillatory

Figure 5. Loss contribution of dielectric permittivity, ε (ω), of

glycerol measured at two different amplitudes of an harmonic
electric field, E 0 , as a function of frequency [26]. The observed
dielectric effect reflects an energy uptake from the electric field
resulting in a shift of the high-frequency part of the spectrum
towards higher frequencies.

 The inset displays the relative field
induced change, εhi − εlo /εlo , to emphasize the different effects
for ν < ν max and ν > ν max , with ν max being the peak loss frequency.
Adapted figure with permission from [26], Copyright (2006) by the
American Physical Society.

the linear experiment, as well as the Lissajous representation
(figure 4, inset) which is clearly distorted under excitation with
the higher stress amplitude.
The increase in compliance resulting from nonlinear
effects, reflecting a softening of the material under mechanical load, can be interpreted in terms of an excess fictive
temperature (T f > T) of the mechanically probed material,
and is also referred to as mechanical softening, with the fictive temperature, T f , defined as the temperature at which
the equilibrated system has the present time constant τ [13].
Similar observations are made for many other materials [30]
and in case of molecular dynamic simulations that report a
5
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experiments with a high harmonic amplitude. The cause for
the observed mechanical softening is the activation of STZ’s
by the mechanical excitation beyond the level of thermally
induced rearrangements. The total potential energy barrier for
an STZ in metallic glasses can be approximated by
WSTZ =

8 2
γ GΩς.
π2 c

experiments do not share a common cause. While mechanical experiments involve energies that are high enough to trigger shear transformations within the material and thus clearly
exceed the thermal energy kB T, dielectric energies are clearly
below that limit, so that W diel  W STZ and the athermal activation of correlated microscopic rearrangements due to the
applied electric field cannot be expected. As a consequence
of the very different natures of the mechanical and dielectric
nonlinear behavior, the two response functions may differ even
if the temperature and the fictive temperature are the same.

(7)

with the average shear limit γ c = 0.027(2) based on the cooperative shear model [42], the actual volume of the STZ’s plastic
core Ω, and a dressing factor ζ based on the confinement of
the STZ within the elastically deformed surroundings [35, 36,
43]. With the shear modulus for Pd40 Ni40 P20 of G = 30 GPa,
and assuming that the actual volume of the STZ is identical
to the activation volume V 0 , which is approximately 10 nm3
based on data for Pd-based metallic glass [29], the energy barrier can be determined to W STZ ≈ 5 × 10−19 J. This value
is two orders of magnitude above the thermal energy for the
presented nonlinear mechanical experiment (W th = kB T = 7.8
× 10−21 J). Judged by the present degree of nonlinearity for
sufficiently high stress amplitudes and the connection of nonlinearity to mechanical activation of STZ’s, one can assume
that mechanical energies involved are considerably larger than
kB T, as W STZ > W th .
Can we assume that mechanical and dielectric nonlinear
effects are based on the same cause, just as indicated in the linear response limit? In other words, are shear transformations
triggered in nonlinear dielectric experiments as well, assuming rigidity of the molecular shape and the dipole moment?
Reasoning with the energies involved in nonlinear dielectric
experiments suggest that this is not the case. Based on the
example of the dielectric response to a harmonic electric field
with a large amplitude of E0 = 671 kV cm−1 for glycerol [27],
the energy based on the molecular dipole moment for glycerol,
μ = 2.61 D, amounts to W diel = μE = 5.8 × 10−22 J, which is
a factor of 5 below W th (T = 213 K). A more realistic estimate
involves the effective dipole moment that accounts for correlation effects, either via the Kirkwood correlation factor with μeff
√
√
= μ gK [39], or via glassy correlations μeff = μ N corr [44].
While correlations may bring W diel up a factor of 10, it remains
that even the highest experimentally achievable dielectric energies are far below W STZ , assuming that a similar reasoning
for mechanical energies can be applied for molecular glassformers as was presented for metallic glasses. Note that the
application of high electric fields such that W diel > W th is prohibited by dielectric breakdown, i.e., sample failure, for practically all dielectric materials. Another indication that dielectric
nonlinear effects have a different origin than mechanical ones
is found in the apparent change of fictive temperature: while
large amplitudes of harmonic electric fields result in a shift
of parts of the relaxation mode spectrum towards higher frequencies, consistent with an increase in fictive temperature (T f
> T), large electric bias fields are connected to an apparent
decrease in fictive temperature (T f < T).
While the dielectric and mechanical response of experiments within the linear limit reflect different aspects of the
same underlying process which is the structural relaxation of
the material, nonlinear effects in dielectric and mechanical
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