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ABSTRACT
We present diffusion coefficient and shear viscosity data for the Lennard-Jones fluid along nine isochores above the critical
density, each involving a temperature variation of roughly two orders of magnitude. The data are analyzed with respect to the
Stokes-Einstein (SE) relation, which breaks down gradually at high temperatures. This is rationalized in terms of the fact that the
reduced diffusion coefficient D̃ and the reduced viscosity η̃ are both constant along the system’s lines of constant excess entropy
(the isomorphs). As a consequence, D̃η̃ is a function of T/TRef(ρ) in which T is the temperature, ρ is the density, and TRef(ρ) is the
temperature as a function of the density along a reference isomorph. This allows one to successfully predict the viscosity from
the diffusion coefficient in the studied region of the thermodynamic phase diagram.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5080662

In a computer simulation, the self-diffusion coefficient
is easily found from the long-time mean-square displace-
ment, whereas determining the (shear) viscosity is much more
involved.1,2 Relating these two quantities is consequently of
great practical importance. It is also interesting from a theo-
retical perspective, and the relation between the self-diffusion
of particles in a liquid and the viscosity has been the sub-
ject of intense investigation over many decades. The Einstein-
Smoluchowski-Sutherland relation states3 that

D = µ kBT . (1)

Here D is the particle’s diffusion coefficient, µ is its mobility,
i.e., the average velocity over force in the linear limit, kB is
the Boltzmann constant, and T is the temperature. In modern
language, Eq. (1) simply expresses the fluctuation-dissipation
theorem.

A macroscopic particle in a liquid subject to a small exter-
nal force is associated with a low Reynolds number (non-
turbulent) flow. The mobility of the particle is consequently

described by Stokes’ law,3 and the mobility is related to the
size of the particle through its hydrodynamic diameter σH by
(in which c is a numerical constant)

µ =
1

cπησH
. (2)

Combining Eqs. (1) and (2) gives a relation between D and η,
the famous Stokes-Einstein (SE) relation valid for the diffusion
coefficient of large spherical particles,4,5

Dη =
kBT
cπσH

. (3)

The dimensionless quantity c is given6,7 by

c = 3
1 + 4η/βσH

1 + 6η/βσH
, (4)

in which β is the so-called coefficient of sliding friction. The
“slip” boundary condition case corresponds to β → 0, giving
c = 2, while c = 3 is the “stick” boundary condition of high
sliding friction (β →∞).
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The above considerations apply for a macroscopic parti-
cle in a continuum. Numerous molecular dynamics (MD) sim-
ulations and experiments have shown, however, that the SE
relation applies reasonably well even for tracer molecules of
similar size to the solvent molecules although the SE rela-
tion is not exact and deviations from it are consistently found
(below, the particles are referred to as molecules when tracer
and solvent are distinguished).8–12 These deviations have been
variously interpreted as being due to the fact that

• the parameter c for different thermodynamic condi-
tions may change between its slip and stick limits;6

• the local “microviscosity” experienced by a tracer
molecule is not the same as the viscosity of the bulk
liquid;13–15

• the effective hydrodynamic diameter depends in a
non-trivial way on the chemistry, the physical diam-
eters of the tracer and solvent molecules, and the fluid
density.8,16

Since a combination of all three explanations could be present
in any given case, it is difficult to make progress in resolving
the cause(s) of departure from the SE relation.

MD simulations show17 that as the mass ratio (MR) and
diameter ratio (DR) of the tracer to solvent molecule increase,
the diffusion coefficient eventually reaches the hydrodynamic
limit and becomes essentially independent of these quantities.
There is a strong coupling between the two ratios, however.
For example, MD simulations indicate that this limit is reached
when DR = 4 for MR = 5, and when DR = 0.5 the limit is achieved
by MR = 40. The c variable tends toward the slip limit when
the tracer molecule is smooth and interacts mainly repulsively
with the solvent molecules,18 but c tends toward the stick limit
when the tracer is rough and/or has a strong attraction for
the solvent molecules.19–21 With increasing host fluid density,
c typically increases.16,19,22–24

There is often a pronounced breakdown of the SE rela-
tion in supercooled liquids.25–27 The applicability of the SE
relation for tracer molecules similar to those of the solvent
has prompted attempts to rationalize this breakdown in terms
of liquid-state statistical mechanics.28–30 Another approach
to accommodate departures from the SE relation for small
tracer molecules has been to assume that (D/T) ηp = con-
stant,31 in which p < 1. This so-called fractional SE relation
applies to molecular fluids and ionic liquids, and interestingly
one finds that p is usually independent of both pressure and
temperature.32,33 The fractional SE relation was applied to
supercooled liquids in Refs. 31 and 33–35.

It has been found that the SE relation is more likely
to apply for a liquid close to the melting temperature than
at higher temperatures; see, for example, the MD results
for model rubidium in Ref. 36 and the analysis of exper-
imental data in Refs. 37 and 38. This is confirmed by the
simulations reported below. Zwanzig39 derived a variant of
the SE relation based on a number of assumptions about
the molecular dynamics of the tracer diffusion mechanism,
arriving at a formula that had been previously proposed

by more semi-empirical routes.7,40,41 In this modification of
the SE relation, the effective hydrodynamic diameter σH is
replaced by ρ−1/3 in which, for N molecules in volume V,
ρ = N/V is the number density. Equation (3) is then trans-
formed into the following dimensionless version:

Dη
ρ1/3 kBT

=
1
c π
≡ α . (5)

The hydrodynamic theory for macroscopic spheres in Eq. (3)
gives α ranging from 0.106 for stick to 0.159 for slip boundary
conditions. A subsequent analysis of Eq. (5) was given in Ref. 42.
More recently, Ohtori and Ishii suggested that the ρ1/3 term
arises from the presence of voids in the liquid that are not
incorporated in the continuum description used for macro-
scopic “tracer” spheres.43,44 Very recently, the same authors
have studied the SE relation for the Lennard-Jones (LJ) liquid
in coexistence with the gas phase and confirmed this form of
scaling in a paper that also provides a useful brief review of the
history of the SE relation.45

Jakse and Pasturel46 considered the validity of the SE
relation in the context of model liquid alloys studied by MD
simulations involving little density variation. Their data were
analyzed using Rosenfeld’s excess-entropy scaling theory,47
in which the reduced transport coefficients are exponential
functions of the excess entropy. They concluded that the
quantity Dη/kBT depends only on the excess entropy. More-
over, they found that the hydrodynamic diameter obtained
from the SE relation does not agree well with the actual size
of the alloy components. Binary mixtures were also simulated
by Puosi et al.27 who showed that the Debye-Waller factor,
which quantifies the short-time plateau in the mean-square
displacements, in glassy systems correlates with the product
Dη. The results of these two recent studies are consistent with
the arguments developed below.

This paper presents extensive numerical data investigat-
ing the SE relation and its breakdown for the Lennard-Jones
(LJ) system {the LJ pair potential is given by v(r) = 4ε[(r/σ)−12

− (r/σ)−6]48}. We show that the parameter α in Eq. (5) is
constant along the configurational adiabats, the lines of con-
stant excess entropy in the thermodynamic phase diagram.
These lines are termed “isomorphs” when the system has the
property that the microscopic dynamics is invariant along the
configurational adiabats.49

Figure 1(a) shows the state points simulated in the stan-
dard LJ unit system defined by the pair-potential parameters
ε and σ (both set to unity in the simulations). Nine isochores
were studied. At all state points, N = 1000 particles were sim-
ulated. The simulations were carried out using the graphical
processing unit (GPU) code RUMD (Roskilde University Molec-
ular Dynamics)52 with a shifted-potential cutoff at 2.5σ. The
time step was adjusted such that the reduced time step (see
below) was 0.001 in all simulations.53 At each state point, the
system was simulated for at least 5·108 time steps.

Two simulations were performed at each state point: an
NVT simulation determined the mean-square displacement
from which the diffusion coefficient was extracted, while a
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FIG. 1. Simulations of the Lennard-Jones fluid over a broad range of densities and temperatures above the critical density. The diffusion coefficient and viscosity were
calculated for state points on nine isochores. The numerical data are available from the data repository at http://glass.ruc.dk. (a) shows the state points studied. The lowest
temperature on each isochore is either on the gas-liquid coexistence line (low densities, purple curve)50 or on the freezing line (high densities, full green line).51 On each
isochore, the highest temperature simulated is about two orders of magnitude larger than the lowest temperature. The green dotted line marks the reference isomorph
detailed below; the reference-isomorph temperature as a function of the density is in the following denoted by TRef(ρ). (b) Diffusion coefficient D as a function of temperature
along the nine isochores. At each state point, D was evaluated from the long-time limit of the mean-square displacement in an NVT simulation. (c) Viscosity η along the nine
isochores calculated from SLLOD simulations as described in the text. Data for the critical isochore are also reported in (c). - Lennard-Jones units are used in (a), (b), and (c).

SLLOD simulation54–56 determined the viscosity as the low-
shear-rate limit of the steady state viscosity. More details on
how we obtained the viscosity from SLLOD simulations can be
found in the Appendix of Ref. 53. Based on the statistical noise,
we estimate the reported viscosities to be accurate within
10%, with the largest errors occurring at the highest tempera-
tures. Figures 1(b) and 1(c) show the temperature dependence
of D and η, respectively, along each of the nine isochores.
While D increases monotonically with T, η initially decreases
and then starts to increase.

Equation (3) has been used broadly in the literature,
assuming that the liquid particles can be approximated by hard
spheres of constant diameter. Figure 2(a) shows all our numer-
ical data by plotting the diffusion coefficient versus the viscos-
ity. The question addressed now is how to rationalize the two
orders of magnitude data variation of this figure. In Fig. 2(b),
the quantity Dη/(kBT) is plotted as a function of the temper-
ature for all state points. If c and the hydrodynamic diameter
σH in Eq. (3) were constant, all data would collapse onto a hor-
izontal line, which is evidently not the case. The figure shows
that Dη/(kBT) is generally larger at high temperatures than at
low. On each isochore, this quantity has a shallow minimum

as a function of the temperature. This explains why the SE
relation appears to hold in part of the thermodynamic phase
diagram.

The isomorph theory58 is a consequence of the “hidden
scale invariance” condition that the ordering of potential ener-
gies of system configurations at one density is maintained if
these are scaled uniformly to a different density.59 If U(R) is
the potential energy with all particle coordinates defining the
vector R, hidden scale invariance is defined by the follow-
ing logical implication: U(Ra) < U(Rb) ⇒ U(λRa) < U(λRb). The
term “hidden” refers to the fact that this property is rarely
obvious from the expression for U(R). Although the hidden-
scale-invariance property is only approximate for realistic
systems like the LJ system, its consequences have neverthe-
less been found to apply to good approximation for many
systems.49,58–60

The thermodynamic phase diagram of a Roskilde (R)-
simple system (one that has hidden scale invariance to a
good approximation49) is basically one-dimensional in regard
to structure and dynamics. This is because the dynamics in
reduced units is invariant along the curves of constant excess
entropy, the system’s so-called isomorphs. Most van der Waals
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FIG. 2. (a) Diffusion coefficient versus
viscosity for all state points studied. (b)
Test of the Stokes-Einstein (SE) rela-
tion Eq. (3) for the LJ system, accord-
ing to which a constant hydrodynamic
diameter implies a constant Dη/(kBT).
Clear deviations from this are observed,
notably at high temperatures. Neverthe-
less, the SE relation reduces the vari-
ation from the two orders of magnitude
in (a) to a factor of two. (c) Plot of D̃η̃
= Dη/(kBTρ1/3) as a function of T for
all state points [Eq. (8)]. At low temper-
atures, the data collapse, corresponding
to a hydrodynamic diameter that is con-
stant in reduced units, i.e., scales with
density as ρ−1/3. This “reduced” version
of the SE relation breaks down, however,
at high temperatures. The constant level
at low temperatures is close to the slip-
boundary condition prediction (see the
text). (d) Plot of D̃η̃ = Dη/(kBTρ1/3)
as a function of T /TRef(ρ), in which
TRef(ρ) is the temperature’s variation
along the reference isomorph (see
below). The observed collapse is pre-
dicted by the isomorph theory. The full
line is the analytical fit given in Eq. (10).

bonded systems and metals are R-simple, whereas systems
with strong directional bonds, like hydrogen- or covalently
bonded systems, are not. Indeed, the latter systems have
long been known to be more complex in regard to struc-
ture, dynamics, and thermodynamics, with water as an out-
standing example violating many empirical rules that apply for
simple liquids.61 The isomorph-theory framework has been
applied to explain results from computer simulations of, e.g.,
single-component and binary LJ-type systems, simple molec-
ular models, single crystals, the thermodynamics of melting
and freezing, nano-confined liquids, non-linear shear flows,
zero-temperature plastic flows of glasses, polymer-like flex-
ible molecules, metals studied by ab initio density-functional-
theory computer simulations, plasmas, physical aging, and
recently for justifying a quasiuniversal viscosity equation for
supercritical R-simple liquids.49,59,60

Reduced quantities have been made dimensionless by ref-
erence to the unit system defined by the length unit l0 ≡ ρ−1/3,
the energy unit e0 ≡ kBT, and the time unit t0 ≡ ρ−1/3(m/kBT)1/2,
where m is the particle mass. Henceforth, a tilde indicates that
the quantity in question is given in reduced units. For exam-
ple, the reduced diffusion coefficient D̃ is obtained by dividing
D by l20/t0, resulting58 in

D̃ ≡ ρ1/3(m/kBT)1/2 D . (6)

Since the viscosity has dimension mass over (length∗time),
the reduced viscosity is given58 by

η̃ ≡ ρ−2/3(mkBT)−1/2 η . (7)

From the isomorph-theory perspective, the relevant
quantities describing a system are D̃ and η̃, not D and η,
because D̃ and η̃ are both invariant along any isomorph. The
“isomorph filter”58 is the following rule: if one side of an equa-
tion is isomorph invariant, the other side of the equation must
also be isomorph invariant—otherwise the equation cannot
hold for an R-simple system. Applying this line of reasoning
to the SE relation, we divide Eq. (3) by ρ1/3kBT to obtain

Dη
ρ1/3kBT

= D̃ η̃ =
1

ρ1/3cπσH
. (8)

If c is constant, the right-hand side can only be isomorph
invariant if σH ∝ ρ

−1/3. In this way, the isomorph theory pro-
vides a theoretical justification of Eq. (5). In Fig. 2(c), we plot
D̃η̃ as a function of the temperature. To a good approximation,
D̃η̃ is constant in the part of the phase diagram corresponding
to (relatively) low temperatures. The constant [α of Eq. (5)] is
0.146, which is close to the value 0.159 predicted for the slip
boundary condition in the hydrodynamic treatment.

Note that isomorph theory does not predict that D̃η̃
is constant; it predicts that this quantity can be constant
throughout the phase diagram and, crucially, that the quantity
Dη/kBT cannot be constant. In other words, the SE relation
with a constant hydrodynamic diameter is incompatible with
isomorph theory and cannot apply for any R-simple system
like the LJ system.

The isomorphs are virtually parallel to the freezing line,
which is itself an isomorph to a good approximation.53,62 In the
simplest version of the theory,58 isomorphs are identified from
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the condition T/TRef(ρ) = Const.,57 in which TRef(ρ) is the tem-
perature of the state point with density ρ on a selected “refer-
ence isomorph.” The choice of reference isomorph is arbitrary;
compare the supplementary material of Ref. 57. The one used
here is shown as the dashed line in Fig. 1(a). For the LJ system,
the temperature variation along an isomorph is given63,64 by

T(ρ)
T0

=

(
γ0

2
− 1

) (
ρ

ρ0

)4

−

(
γ0

2
− 2

) (
ρ

ρ0

)2

. (9)

Here γ0 ≡ (∂ lnT/∂ ln ρ)Sex is the so-called density-scaling
exponent evaluated at the selected state point (ρ0, T0) on
the isomorph; this quantity can be determined from γ0
= 〈∆U∆W〉/〈(∆U)2〉, in which W is the virial and the angu-
lar brackets denote canonical (NVT) averages.58 The ρ4 term
in Eq. (9) derives from the repulsive r−12 term of the LJ pair
potential, while the negative ρ2 term derives from the attrac-
tive r−6 term of the potential.63,64 The reference isomorph was
generated from the state point (ρ0, T0) = (1.09, 92.17) at which
γ0 = 4.26.

Since D̃η̃ is constant along the system’s isomorphs, one
has D̃η̃ = f(Sex), in which Sex is the excess entropy. Com-
puting this quantity is tedious, and we instead investigate the
predicted isomorph invariance of D̃η̃ by plotting in Fig. 2(d)
this quantity as a function of T/TRef(ρ) in which TRef(ρ) is
the temperature variation as a function of the density along
the reference isomorph. To a good approximation, the quan-
tity T/TRef(ρ) identifies the isomorph through the state point
(ρ, T).63 Instead of using as a reference isomorph the freez-
ing line as in Ref. 57, we have chosen an isomorph located
at higher temperatures because this allows one to go below
the triple point density on the reference isomorph. The data
in Fig. 2(d) collapse nicely though not entirely, reflecting the
fact that the isomorph theory is not exact. It should be kept in
mind, though, that while D and η vary more than two orders
of magnitude, the scatter in Fig. 2(d) is less than 10%. We see
that the reduced-unit “isomorphic” version of the SE relation,
D̃η̃ = Const., holds at lower temperatures, whereas significant
deviations are seen at higher temperatures. Upon increasing
the temperature at constant density, deviations from constant
D̃η̃ show up when the temperature exceeds TRef(ρ). Thus the
reference isomorph marks roughly the upper limit of the part
of the phase diagram in which the isomorphic version of the
Stokes-Einstein relation D̃η̃ = Const. holds.

The bottom line of the above is that the role of the hydro-
dynamic diameter is taken by the length defined by density,
l0 = ρ−1/3, a measure of the average interparticle spacing.
This justifies the approach of Zwanzig and others.39,40,43–45
Note that the hydrodynamic diameter identified by Eq. (3)
has often been related to the position of the first peak in the
two-particle radial distribution function,20,22,23 a position that
scales with density as ρ−1/3 along any isomorph. The black line
in Fig. 2(d) is the following empirical fit:

D̃η̃ ≡ Dη/(kBTρ1/3) = A + B ln
(
1 + CT/TRef(ρ)

)
≡ F(T/TRef(ρ)), (10)

with A = 0.146, B = 0.0735, and C = 0.189.

FIG. 3. Comparison between the viscosity along two isomorphs (blue triangles)
and the prediction of Eq. (11) (red triangles) based on diffusion coefficient data,
determining the isomorph-dependent number D̃η̃ using the analytical fit Eq. (10).
The two isomorphs were generated, respectively, from the state point (ρ, T)
= (1.063, 2.2) at which γ0 = 4.89 (black symbols) and (ρ, T) = (1.063, 4.0) at
whichγ0 = 4.76 (blue symbols). The density of the last point simulated along each
isomorph is roughly three times the starting density. The black triangles mark the
viscosity predicted from its lowest-density value utilizing the fact that the reduced
viscosity is isomorph invariant. The green triangles mark the prediction of the
approximate analytical expression for the LJ viscosity of Ref. 57.

Finally, we demonstrate how the fact that the SE break-
down is isomorph invariant may be utilized for predicting vis-
cosities from diffusion coefficients, which are much easier to
determine numerically. This is achieved by rewriting Eq. (8) in
the following form:

η = D̃η̃
ρ1/3 kBT

D
= F(T/TRef)

ρ1/3 kBT
D

. (11)

Equations (10) and (11) allow one to predict how the viscosity
varies along an isomorph. As an example, predictions based
on Eq. (11) are shown as the red triangles in Fig. 3 along two
isomorphs. The predictions compare well to the actual vis-
cosity values (blue triangles). The viscosity is predicted within
6%. For completeness we show also for the two isomorphs the
prediction obtained using the isomorph invariance of η̃ in con-
junction with data for the viscosity at the lowest-density state
point (black triangles), as well as the prediction of the viscosity
equation (10) of Ref. 58.

In summary, a constant hydrodynamic diameter is incon-
sistent with hidden scale invariance and cannot apply for the
LJ system or any other R-simple system. In order to explain
the observed SE breakdown, there is no need to invoke a vary-
ing hydrodynamic diameter. We have given an approximate
analytical description of the SE breakdown, making it possi-
ble from the diffusion coefficient to predict the viscosity of
the LJ system at state points above the critical density. It is
not clear whether it is possible to extend these findings to
lower densities where the isomorph theory is not expected to
work.

This work was supported by the VILLUM Foundation’s
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