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Multiscale dipole relaxation in dielectric materials
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ABSTRACT
Dipole relaxation from thermally induced perturbations is investigated on different length scales for 
dielectric materials. From the continuum dynamical equations for the polarisation, expressions for the 
transverse and longitudinal dipole autocorrelation functions are derived in the limit where the cross 
coupling between the electric field fluctuations and dipole moment fluctuations can be ignored. The 
peak frequencies in the spectra of the autocorrelation functions are also derived. They depend on the 
wave vector squared which is a fingerprint of the underlying dipole diffusion mechanism. The theoretical 
predictions are compared with molecular dynamics simulation results for a model dielectric material and 
liquid water. For the transverse dipole autocorrelation function the agreement is excellent in the limit of 
small wave vectors and the presence of a diffusion mechanism is confirmed. For the longitudinal direction 
the simulation results show that the cross coupling between the electric field and the dipole moment is 
non-negligible compromising the theoretical predictions. The underlying mechanism for this coupling is 
not clear.
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1. Introduction

It is known that water tends to align near a solid surface.[1–3] 
Such geometrical alignment will also align the molecular dipoles 
and thus the system will spontaneously induce a non-zero polar-
isation and associated electric field.[1,4] The dielectric properties 
are also affected by the confinement and the permittivity features 
anisotropy near the solid surface.[3] For bulk water non-uniform 
polarisation can be achieved in the presence of a large temper-
ature gradient.[5] Common for these systems is that the local 
electric field and the polarisation are vayring on a molecular 
length scale.

In case of a spatially varying electric field, the most gen-
eral way to model the dielectric response is by introducing a 
wave vector-dependent dielectric susceptibility. (This transport 
property is also called electric susceptibility.[6]) This approach 
is, however, a highly coarse-grained description and may hide 
underlying mechanisms responsible for the response. Recently, 
Hansen [7] showed through non-equilibrium molecular dynam-
ics (NEMD) simulations that the dielectric response is reduced 
in the presence of large polarisation gradients, that is, when the 
local electric field is rapidly varying with respect to spatial coor-
dinate. The mechanism behind this reduction is the existence of 
an additional polarisation flux (or diffusion of dipole moment) 
which must exist for non-zero gradient, see also [8]. Hansen [7] 
further showed that the reduced response is proportional to the 
wave length squared of the imposed sinusoidal electrical field.

Here the multiscale dipole relaxation under equilibrium con-
ditions is studied. The relaxation is quantified by two different 

autocorrelation functions, namely, the transverse and longitudi-
nal dipole moment relaxations functions. Equilibrium molecular 
dynamics (EMD) simulations are carried out and the results are 
discussed within the theoretical framework.

2. Theory

The balance equation for the polarisation (or dipole moment 
 density) was derived by Dahler and Scriven [9], and more recently 
by Hansen [7]; the latter derivation is based on the microscopic 
hydrodynamic operator.[10] The polarisation, �(�, t), can be written 
in terms of the dipole moment per unit mass, �(�, t), and the mass 
density, �(�, t), as �(�, t) = �(�, t)�(�, t). From here on the explicit 
time and position dependency is omitted unless it provides clarify-
ing information. In the hydrodynamic regime of low wave vector, 
the balance equation for polarisation for rigid uni-axial molecules 
with a permanent dipole moment is given by [7]

where � is the streaming velocity, � is the production term and 
� the fluid angular velocity. � is the polarisation flux tensor.[7]

As mentioned above, the dynamics is investigated from relax-
ations in equilibrium, i.e. relaxation from thermally induced per-
turbations. This means that the quantities in Equation (1) are 
stochastic variables. Such variables can be written as the sum 
of the average part and fluctuating stochastic part, i.e. for some 
quantity A one writes A = A

av
+ �A.[6]

(1)
���

�t
+ � ⋅ (���) = � +

2�

3
(� × �) − � ⋅ �,
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where �t = �t∕� av
 and �l = �l∕� av

 are the kinematic transport 
coefficients. As the relaxation phenomena are identical for the 
x- and z-components, only Equations (7a) and (7b) are treated 
from here on.

First, we focus on the transverse direction given by Equation 
(7a). Here two correlation functions are relevant to define, namely, 
the transverse dipole autocorrelation function (TDACF) and the 
transverse dipole field cross-correlation function (TDFCCF) 

<...> denotes the ensemble avrerage. The dynamics of the TDACF 
is given by multiplying Equation (7a) with ̃�px(−�, 0) and ensem-
ble averaging

since the stochastic force is uncorrelated with the dipole moment 
fluctuations, i.e. for all t and �

At a moment in time the microscopic  configuration of the dipoles 
yields a corresponding electric field. Recall, no external field is 
present. The dipoles will align with the local field with the dipole 
relaxation time �. For sufficiently high temperature, the thermal 
perturbations will rapidly change the microscopic configuration 
leading to a different electric field on a time scale smaller than 
the dipoles’ alignment time. That is, the dipole moment is not 
affected by the electric field at earlier times for large kinetic 
energy compared to the electric potential energy. In this limit 
we have

The general solution to Equation (11) is

The k2y-dependency is a fingerprint of a diffusive process.[6]
It is informative to work in the frequency domain rather than 

in the time domain. To achieve this Equation (12) is Fourier–
Laplace transformed

where �⟂

p  is the transverse peak frequency

(7c)
��̃pz
�t

=
1

�
(��̃Ez − �̃pz) − �tk

2

y �̃pz −
iky

�
av

�̃Ryz ,

(8a)C⟂

pp(�, t) =
1

V
⟨�̃px(�, t)�̃px(−�, 0)⟩

(8b)C⟂

Ep(�, t) =
1

V
⟨�̃Ex(�, t)�̃px(−�, 0)⟩.
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pp(�, 0)
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(14)�⟂

p = 1∕� + �tk
2
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To model the dynamics, the stochastic forcing method [11] 
is applied. Here it is assumed that the flux � is equal to a set 
of constitutive relations relating the flux to the thermodynamic 
force and a stochastic forcing term that accounts for the random 
perturbations of the system. In equilibrium the random forcing 
term is uncorrelated in both time and space and has zero mean.
[11] Here it is further assumed that the random force is uncor-
related with the dipole moment. Using the linear constitutive 
relations proposed by Hansen [7] and adding the forcing term 
�� one has for the polarisation flux tensor

Here �v ,�0
 and �r are the relevant transport coefficients, and � is 

the 3 × 3 identity tensor. Superscripts os and a indicate the trace-
less symmetric and anti-symmetric parts of the vector dyadic 
�� < ... >, respectively. Substituting Equation (2) into Equation 
(1) yields

As a matter of convenience the new transport coefficients 
�t = �

0
+ �r and �l = �v + �

0
∕3 − �r are introduced.

Both the average dipole moment and the average angular 
velocity are zero in equilibrium, �

av
= � and �

av
= �, so � = �� 

and � = ��. To first order in the fluctuations, the coupling 
between the angular velocity and dipole moment then vanishes 
as this coupling enters via a cross product and is of second order. 
Also, the vector dyadic between the streaming velocity and the 
polarisation is second order in the fluctuations. This gives, to 
first order,

In Fourier space for wave vector � this is

The production term � is now addressed. The local fluctuating 
electric field, ��, present in the dielectric material will exert a 
torque on the microscopic dipoles and thus affect the dipole 
moment dynamics. This effect is modelled into the production 
term. In the linear regime one has [12] � = �

av
(��� − ��)∕�, 

where � is the dipole relaxation time, � is the dielectric suscep-
tibility per unit mass. In Fourier space this is

By choosing � = (0, ky , 0), one can decompose the dynamics into 
transverse directions, the x- and z-components of ̃��, and a lon-
gitudinal direction, the y-component, giving 

(2)� = −�v(� ⋅ �)� − 2�
0

os

(��) −2�r

a

(��) +�� .

(3)
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The peak frequency for the TDACF is thus determined by two 
mechanisms: the wave vector independent dielectric relaxation 
mechanism and a term which is quadratic with respect to wave 
vector, i.e. a diffusion mechanism.

One can also define a longitudinal dipole autocorrelation 
function (LDACF) given by

The dynamical equation for the LDACF is found by multiply-
ing Equation (7b) with �̃py(−�, 0) and ensemble averaging. 
Assuming that the longitudinal dipole field cross-correlation 
function (LDACF) is zero, i.e.

we get

The corresponding longitudinal peak frequency in the spectrum 
of the LDACF is found to

3. Molecular simulation results

Two dielectric materials are simulated using molecular dynam-
ics (MD). The first material is a model dielectric composed of 
diatomic molecules (or dumbbells). Each atom in the dumbbell 
has charge ±q and is connected with the other atom through a 
harmonic spring force. The zero-force length of the spring is 1� 
and the spring constant is 1000 (m�)2∕�, where � is a character-
istic length scale, m is the mass and � the energy scale. From here 
on the physical quantities for this dumbbell material is given in 
reduced MD units, e.g. temperature is T∗ = TkB∕�. The asterisk 
will also be omitted. The atoms not belonging to the same mol-
ecule interact through the repulsive Weeks–Chandler–Andersen 
potential [13] and Coulomb potential. The state point is (T , �)= 
(1.0, 0.5) and q varies from ±1,±2,… ,±6. The pressure is posi-
tive for all systems. The second dielectric material is liquid water 
at state point (T , �)= (312 K, 998 kg m−3). The water model is the 

(15)C��
pp(�, t) =

1

V
⟨�̃py(�, t)�̃py(−�, 0)⟩.

(16)C��
Ep
(�, 0) =

1

V
⟨�̃Ey(�, t)�̃py(−�, 0)⟩ = 0

(17)C||
pp(�, t) = C||

pp(�, 0)e
−(1∕�+(�l+�t )k

2

y )t .

(18)�||
p = 1∕� + (�l + �t)k

2

y .

flexible SPC/Fw, see Refs. [14,15] for details. Note, for the water 
the van der Waal interaction is modelled using the full Lennard–
Jones potential with a cut-off of rc = 7.9 Å. Both systems are 
simulated in a cubic box of length L with the seplib MD library 
[16] in the NVT ensemble using a Nosé–Hoover thermostat.
[17,18] Four hundred molecules are simulated for the dumb-
bell system, and for water 216 molecules are used. Note that the 
number of water molecules is the same as in Ref. [15] and finite 
size effects are negligible.

To reduce the computational time, the electrostatic force cal-
culation is approximated with the shifted force, i.e.

where �
0
 is the free space permittivity, �ij is the vector of separa-

tion between atom i and j, rij is the norm of �ij and rc is the cut-off. 
For the dumbbell system r

c
= 2.5 and for water rc = 9.16 Å. For 

non-confined systems, the shifted-force approximation performs 
surprisingly well [19,20] and is applicable here.

First results for the dumbbell system are presented and dis-
cussed. To first order in the fluctuations the dipole moment per 
unit mass is

In Fourier space with wave vector � = (0, ky , 0) one has

with ky = 2�n∕L, and n = 0, 1,…. Using Equation (21) both 
the TDACF, C⟂

pp and LDACF, C||
pp, are evaluated directly from 

Equations (8a) and (15).
Figure 1(a) shows the TDACF for different wave vectors for 

the dumbbell system where q = 5. The LDACF for ky = 0 is also 
shown for comparison. In agreement with the theory, the relax-
ation of the TDACF is exponential and, furthermore, for zero 
wave vector the TDACF and the LDACF are almost, but not 
completely, identical. The relaxation of both the transverse and 
longitudinal directions are thus to a good approximation given by 
the same dipole relaxation time at zero wave vector in accordance 

(19)�c =
qiqj
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Figure 1. (color online) the dumbbell system for q = 5. (a) the tDacF for different wave vectors. For zero wave vector the lDacF is also shown for comparison. arrow 
indicates increasing wave vector. inset: q=6. the tDFccF for different wave vectors; black line is the real part, blue broken line the imaginary part. (b) normalized lDacF 
for different wave vectors. as in (a) arrow indicates increasing wave vector. inset: q=6. the lDFccF for different wave vectors; black line is the real part, blue broken line 
the imaginary part.
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with the assumption made in the theory section. However, this is 
not the case for the LDFCCF. Thus, Equation (16) does not hold for 
the dumbbell system and the prediction for the relaxation Equation 
(17) and the longitudinal peak frequency Equation (18) will likely 
fail for this material as also observed in Figure 1(b). Therefore, in 
the following only the transverse mode is treated.

According Equation (14) the transverse peak frequency �⟂

p  
is linear with respect to k2y. As this result is based on the balance 
equation, Equation (1), this only holds for sufficiently small wave 
vectors. The prediction is compared with the spectrum of the 
TDACF MD data. Figure 2(a) shows an example of the imaginary 
part of the spectrum for q = 5; the arrow indicates increasing 
wave vector. Also, the peak frequency �⟂

p  is indicated for the 
three lowest wave vectors.

In Figure 2(b) �⟂

p  is plotted as a function of k2y. Lines are best 
fit to data using only the four lowest data points. The linear 
dependency is clearly observed for low wave vector in agree-
ment with the theory. From Figure 2(b) � can be found from 
the intercept with the y-axis and the slope gives �t. For q = 1 
one obtains � = 0.9 and �t = 0.12 which is in good agreement 
with the NEMD results from [7], where � = 1.1 and �t = 0.11. 
It is worth noting that the larger the dipole moment, the lower 
the transport coefficient �t. This is likely caused by a reduced 
molecular diffusivity, which is one mechanism responsible for 
the dipole flux.

In general the peak frequency is given by some function of 
wave vector, i.e. �⟂

p = �⟂

p (ky). It is assumed that �p(ky) has a 

with Equations (12) and (17). Compared to the TDACF, the 
LDACF features more complicated relaxation for non-zero wave 
vector, see Figure 1(b). Note, the data are normalized for clarity. 
For large wave vector oscillatory decay is observed which is not 
in agreement with the simple exponential decay predicted by the 
theory. This behaviour is addressed in the following.

In the theoretical treatment it is assumed that the thermal per-
turbations occur on a smaller time scale than �. That is, the cross 
correlation between the dipole moment fluctuations and the electric 
field fluctuations is zero. To test whether this assumption is valid for 
the dumbbell system the TDFCCF, C⟂

Ep, and LDFCCF, C||
Ep

, are evalu-
ated from Equations (8b) and (16). To this end, the electric field �� 
is calculated directly from the definition of the field

i runs over all atoms with position �i, and r2 = |� − �i|2. Space 
is discretised into an N × N × N grid such that � = (xn, ym, zl), 
where n,m, l = 1, 2,…N; here N is even. The grid spacing is then 
Δg = L∕N. The discrete Fourier transform [21] is

According to the sampling theorem [21] the wave vectors one can 
sample is limited to ky = 2�k∕(NΔg ), where k = −N∕2,… ,N∕2 . 
Since the Fourier spectrum is symmetric around k = 0, only 
k = 0,… ,N∕2 are considered here. Also, ym = (m − 1)Δg and 
one has

From Equations (24) and (21) one can evaluate the relevant cross 
correlation functions. The number of grid points is set to N = 20 
and 40 giving the same qualitative results and data for N = 40 is 
shown in order to obtain the best wave vector resolution.

The insets in Figure 1(a) and (b) show the TDFCCF and 
LDFCCF for q = 6 which correspond to the highest molecular 
dipole moment studied here. Within the signal-to-noise ratio no 
cross coupling is observed in the case of the TDFCCF in agreement 
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EMD simulation data. In the limit of small wave vector, the peak 
frequencies for the corresponding spectra are determined by the 
wave vector-independent dielectric relaxation and a quadratic 
wave vector-dependent diffusion mechanism. It was shown that 
for the transverse relaxation the coupling to the electric field can 
be ignored, but this is not the case for the longitudinal relaxation. 
The underlying mechanism for this coupling is not clear.

Evaluation of the TDACF provides an EMD method to evalu-
ate the dielectric relaxation time and the transport coefficient 
governing the diffusion process. From these two parameters an 
estimate of the non-equilibrium dielectric response can be given 
through the dimensionless number Je.
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