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ABSTRACT: Recent developments show that many liquids and solids have an approximate
“hidden” scale invariance that implies the existence of lines in the thermodynamic phase
diagram, so-called isomorphs, along which structure and dynamics in properly reduced units
are invariant to a good approximation. This means that the phase diagram becomes eﬀectively
one-dimensional with regard to several physical properties. Liquids and solids with isomorphs
include most or all van der Waals bonded systems and metals, as well as weakly ionic or
dipolar systems. On the other hand, systems with directional bonding (hydrogen bonds or
covalent bonds) or strong Coulomb forces generally do not exhibit hidden scale invariance.
The article reviews the theory behind this picture of condensed matter and the evidence for it
coming from computer simulations and experiments.

I. INTRODUCTION
The structure, dynamics, and thermodynamics of matter are
generally well understood within a classical-mechanical framework, but at low temperatures quantum mechanics is of course
required for a proper description. Although this subject by now
is an established part of physical chemistry, there are intriguing
hints of an underlying element of simplicity that is not yet fully
understood. This section motivates the article by brieﬂy
reviewing the states of matter and listing some of the puzzles
of contemporary condensed-matter physics and chemistry.
A. Three States of Matter. Matter comes in three states:
gas, liquid, and solid.1,2 The gas state is the simplest. Here its
constituents move in straight lines most of the time, interrupted
by violent collisions. This fact is responsible for a gas’ structure,
dynamics, and thermodynamics. If the gas consists of N atoms
or molecules at temperature T, the ideal-gas relation between
pressure p and volume V is pV = NkBT in which kB = 1.38 ×
10−23 J/K is the Boltzmann constant. For all three states of
matter, deviations from this equation are quantiﬁed by the socalled virial W giving the contribution to pressure from
intermolecular interactions as follows
pV = NkBT + W

pV = γG(ρ)E + C(ρ)

C(ρ) gives the energy-independent contribution to the
pressure, which is responsible for a sizable fraction of the socalled cold pressure.4
The liquid state is complex. Like a solid, a liquid consists of
strongly interacting atoms or molecules, but at the same time a
liquid has the disorder and translational/rotational invariance of
a gas. Early liquid-state research focused on properties like the
viscosity and the equation of state.5 In particular, via the
Maxwell construction6 the van der Waals equation of state gives
rise to a simple theory of the liquid−gas transition. This
equation also explains the existence of a critical point and the
fact that liquid states can be continuously converted into gas
states.7
The van der Waals equation emphasizes the liquid−gas
resemblance. However, density and speciﬁc heat of liquids at
ambient conditions are typically close to those of the
corresponding crystal, not to their gas values. Back in the
1940s Frenkel wrote an entire book basically making the point
that a liquid is more like a solid than like a gas.8 Nowadays it is
recognized that this is correct for the liquid phase not too far
from the melting line, but not at high temperatures and fairly
low pressures.9 The focus below is on the former, “ordinary”
liquid phase, which is quite diﬀerent from the gas phase.9,10 We
refer to this and the crystalline/glass phases as condensed
matter.8,11
B. Some Open Questions in the Physical Chemistry of
Condensed Matter. A number of rules and correlations yet to
be explained have been discovered in simulations and
experiments on condensed matter. Intriguingly, these rules
point to an element of simplicity, but likewise intriguingly they

(1)

The virial is an extensive quantity of dimension energy.
The solid state is also fairly simple in regard to structure,
dynamics, and thermodynamics. Thus, for most purposes a
crystal is well represented as a regular lattice of atoms or
molecules interacting via spring-like forces. Properties of
equilibrium crystals traditionally in focus are lattice type and
symmetry, phonon spectrum, elastic moduli, speciﬁc heat, etc.
Equations of state of crystals are used mainly in connection
with high-pressure studies. Here the noted Grüneisen equation
of state expresses a linear relationship between pressure and
energy E as follows (in which ρ ≡ N/V is the atomic or
molecular number density and the Grüneisen parameter γG
only depends on the density)3,4
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Figure 1. (a) Normalized thermal-equilibrium ﬂuctuations of virial and potential energy as functions of time for two state points of a binary LJ-type
system with an r−36 repulsive term. Reprinted with permission from D. Coslovich and C. M. Roland, J. Chem. Phys. 2009, 130, 014508. Copyright
2009, American Institute of Physics. (b) Scatter plots of virial and potential energies for the Kob−Andersen binary LJ system at three pressures; Γ is
the slope of the best-ﬁt line and R is given by eq 5. Reprinted with permission from D. Coslovich and C. M. Roland, J. Chem. Phys. 2009, 130,
014508. Copyright 2009, American Institute of Physics. (c) Contour plots of R in the density−temperature phase diagram for the single-component
LJ system. T and C indicate the triple and critical points. The blue curve is a conﬁgurational adiabat (an isomorph). Reprinted with permission from
N. P. Bailey et al., J. Chem. Phys. 2013, 139, 184506. Copyright 2013, American Institute of Physics. (d) Virial potential-energy scatter plot for the
TIP5P water model at temperature 12.5 °C and density 1007.6 kg/m3. Reprinted with permission from N. P. Bailey et al., J. Chem. Phys. 2008, 129,
184507. Copyright 2008, American Institute of Physics.

all have exceptions. Below some examples of the questions

and temperature)? What explains the exceptions to
excess entropy scaling?
• Why are simple liquids’ properties quasiuniversal? Why
does quasiuniversality not apply to all monatomic
systems of point-like particles interacting via radially
symmetric, pairwise additive forces? Why do some such
systems, in fact, exhibit quite complex behavior?
• We mention right away that none of these questions are
fully answered in this paper. The picture argued below is
that the above rules generally apply for systems with
hidden scale invarianceand in many cases only for such
systems.

these rules give rise to are listed.
• What is the cause of the Lindemann melting criterion12
according to which melting takes place when a crystal’s
vibrational mean-square displacement is a certain fraction
of the nearest-neighbor distance? Why is this fraction
pressure independent for a given substance? What
explains the several other empirical melting and freezing
rules,12,13 and why are none of these universally valid?
Do single-phase melting rules make sense at all, given
that the melting point is determined by the equality of
the liquid and solid free energies?
• Why do van der Waals bonded liquids and polymers
obey power-law density scaling14,15 according to which
the average relaxation time is a function of ργ/T with a
system-speciﬁc exponent γ? Why do the same systems
obey isochronal superposition,16 the observation that the
average relaxation time determines the entire relaxation
time spectrum, and why do these ﬁndings not apply for
hydrogen-bonded systems?
• What is the cause of the so-called excess-entropy scaling
discovered by Rosenfeld in 1977,17 according to which a
liquid’s relaxation time and diﬀusion constant in properly
reduced units are functions of the excess entropy (the
entropy minus that of an ideal gas at the same density

II. VIRIAL POTENTIAL-ENERGY CORRELATIONS
Consider a system of N particles with coordinates r1, ..., rN.
When rigid molecules are dealt with, ri represents the center of
mass as well as the orientation of molecule i. It is convenient to
deﬁne the collective position vector by R ≡ (r1, ..., rN) in terms
of which the potential energy is denoted by U(R). The virial W
of the general equation of state (eq 1) is the thermal average of
the microscopic virial deﬁned18,19 by W(R) ≡ 1/3∑iri·Fi where
Fi is the force on the ith particle. Since Fi = −∇iU, the
microscopic virial is given by
W (R) = −
10008

1
R·∇U (R)
3

(3)
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bond angle32,33), the rigid-bond ﬂexible LJ-chain model,34 a
seven-atom toluene model,23 the slow degrees of freedom of an
all-atom biomembrane model,35,36 etc. This paper, however,
focuses on the consequences of strong WU correlations, not
their origin for which a general theory does not yet exist.
Simulations have shown that, as for water (Figure 1(d)),
directional bonding destroys the WU correlations. Strong
Coulomb interactions also weaken the correlations.37,38 We
originally used the term “strongly correlating system” when R >
0.9 is obeyed at the state point in question, but that name often
gave rise to confusion with strongly correlated quantum
systems. Alternatively, the term “Roskilde-simple system” or
just “Roskilde (R) system” may be used,27,39,40 reﬂecting the
fact that, as shown below, these systems have a number of
simple properties relating to their structure, dynamics, and
thermodynamics (the term “simple liquid” traditionally means a
pair-potential system18,40).

In the fall of 2006, Ulf Pedersen and co-workers of the Glass
and Time group discovered that the equilibrium ﬂuctuations of
U and W correlate strongly for the Lennard-Jones (LJ) system
at typical liquid state points.20,21 Recall that the LJ pair
potential v(r) is deﬁned22 by
⎡⎛ r ⎞−12 ⎛ r ⎞−6 ⎤
v(r ) = 4ε⎢⎜ ⎟ − ⎜ ⎟ ⎥
⎝σ ⎠ ⎦
⎣⎝ σ ⎠

(4)

This function has its minimum at r = 2 σ at which distance v
= −ε. Figure 1 shows results from computer simulations of
equilibrium virial potential-energy ﬂuctuations at typical state
points of various systems. Figure 1(a) follows these two
quantities in normalized form as functions of time for a LJ-type
system, (b) shows a WU scatter plot for the Kob−Andersen
binary LJ liquid, (c) shows contours of constant correlation
coeﬃcient R (deﬁned in eq 5 below) in the LJ phase diagram
and, in particular, that the correlations are severely weakened as
the critical point C is approached, and (d) shows results for a
water model demonstrating very poor correlations. The
simulations were all carried out at constant volume and
temperature, in the so-called NVT ensemble.19 In summary,
strong WU correlations appear in many systems, but not
universally.23
The correlation coeﬃcient R is deﬁned23 by (where the sharp
brackets denote NVT canonical averages and Δ the deviation
from the average)
1/6

R≡

III. HIDDEN SCALE INVARIANCE
This section introduces the concept of hidden scale invariance,
an approximate property that appears to apply for a sizable
fraction of all condensed matter.
A. Excess Thermodynamic Quantities and Reduced
Variables. Recall from statistical mechanics that the Helmholtz
free energy is a sum of the ideal-gas term, Fid = NkBT ln(ρΛ3/e)
in which Λ ∝ 1/√T is the thermal de Broglie wavelength, and
the “excess” free energy term given by exp(−Fex/kBT) =
∫ exp(−U(R)/kBT)dR/VN.18 Other thermodynamic quantities
likewise separate into a sum of an ideal-gas and an excess term.
For instance, there is an excess entropy Sex = −(∂Fex/∂T)V and
an excess isochoric speciﬁc heat CV,ex, and these two quantities
are related by the usual relation CV,ex = (∂Sex/∂ ln T)V. Note
that Sex < 0 because a liquid is always more ordered than an
ideal gas at the same volume and temperature. According to eq
1 the excess pressure is W/V, which implies that W/V =
−(∂Fex/∂V)T.
Hidden scale invariance and the isomorph theory refer to socalled reduced quantities, which are deﬁned by reference to the
following unit system. If m is the average particle mass, the
length, energy, and time units, l0, e0, and t0, are deﬁned by

⟨ΔU ΔW ⟩
⟨(ΔU )2 ⟩⟨(ΔW )2 ⟩

(5)

As a consequence of Euler’s theorem for homogeneous
functions, perfect correlation (R = 1) is only possible for
systems with a homogeneous potential-energy function,24 i.e.,
one obeying F(λR) = λ−nF(R) for some exponent n. For the LJ
liquid, typical values of R are 94−95%, whereas the crystalline
face-centered cubic LJ crystal has R > 99%.25,26 The LJ
correlation coeﬃcient drops below 0.9 when negative-pressure
states are approached, as well as when the critical point and gas
states are approached27 (compare Figure 1(c)).
An obvious idea for explaining the strong WU correlations of
the LJ system is that these derive from the r−12 repulsive term
of the pair potential. According to eq 3 that would lead to γ =
12/3 = 4 in the expression for the ﬂuctuations
ΔW ≅ γ ΔU

l0 = ρ−1/3
e0 = kBT
t0 = ρ−1/3 m /kBT

(6)

The observed γ values are, however, between 5.5 and 6 at
typical moderate-pressure state points.23,25 The solution to this
puzzle is to note that the LJ pair potential is ﬁtted well over the
entire ﬁrst coordination shell by the “extended IPL” (eIPL)
function a(r/σ)−n + b + c(r/σ) with n ≅ 18, not n ≅ 12.25 This
reﬂects the fact that the attractive (r/σ)−6 term of the LJ pair
potential makes the repulsive part of the potential (below the
minimum) much harsher than predicted from the (r/σ)−12
term alone.25,28−31 For constant-volume ﬂuctuations the c(r/σ)
term contributes little to the W and U ﬂuctuations because if a
particle is moved, some of its nearest-neighbor distances
decrease and some increase, with the result that their sum is
almost unchanged.25
This explains the strong WU correlations for LJ-type systems
but not why strong correlations are observed also in more
complex systems like the Lewis−Wahnström ortho-terphenyl
(OTP) model (three rigidly connected LJ spheres with a 75°

(7)

In the present context l0 and e0 are more fundamental than the
time unit t0 because the latter changes if one switches to
Brownian dynamics.41
We use a tilde to denote a reduced-unit quantity, i.e., one
made dimensionless by dividing by the appropriate combination of the above units. For instance, the reduced collective
position vector is given by

R̃ ≡ ρ1/3 R

(8)

the reduced force on particle i by F̃i ≡ Fi/(e0/l0) = ρ Fi/kBT,
the reduced shear viscosity by η̃ ≡ η/(ρ2/3(mkBT)1/2), the
reduced instantaneous shear modulus by G̃ ∞ ≡ G∞/(ρkBT), the
reduced free energy by F̃ ≡ F/kBT, etc. The reduced entropy
and speciﬁc heats are obtained simply by dividing by kB.
Consider the inﬁnitesimal uniform expansion R → (1 + dλ)
R. The relative volume change is dV/V = (1 + dλ)3 − 1 = 3 dλ,
implying that d ln ρ = dρ/ρ = −dV/V = −3dλ, i.e., dλ = −(1/3)
−1/3
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d ln ρ. Since dR = dλR, the change of the potential energy is
given by dU(R) = dλR·∇U(R) = −(1/3)d ln ρR·∇U(R), thus
by eq 3 dU(R) = d ln ρW(R). The reduced coordinate R̃ does
not change during a uniform expansion, so this implies that
⎛ ∂U (R) ⎞
W (R) = ⎜
⎟
⎝ ∂ ln ρ ⎠R̃

energy (eq 6). Equation 11, however, also implies strong WU
correlations for any nonequilibrium constant-volume situation.
Consider next two densities, ρ 1 and ρ 2 , and two
conﬁgurations at these densities, R1 and R2, with the same
1/3
̃
reduced coordinates, ρ1/3
1 R1 = ρ2 R2 ≡ R. Then eq 10 implies
[U(R1) − g(ρ1)]/h(ρ1) ≅ [U(R2) − g(ρ2)]/h(ρ2). If K > 0 and
two temperatures are deﬁned by kBT1 ≡ h(ρ1)/K and kBT2 ≡
h(ρ2)/K, we get U(R1)/kBT1 − Kg(ρ1)/h(ρ1) ≅ U(R2)/kBT2 −
Kg(ρ2)/h(ρ2). This means that for a number C12, which
depends on ρ1 and ρ2 but not on the conﬁgurations, one has

(9)

B. Mathematical Scale Invariance and the Approximate “Hidden” Scale Invariance. A mathematical function
of one variable ϕ(x) is termed scale invariant if it is
homogeneous, i.e., obeys ϕ(λx) = λ−nϕ(x) for some real
number n. Putting x = 1 we get ϕ(λ) = λ−nϕ(1), thus the
power-law function ϕ(x) ∝ x−n is the only possibility. For
functions of several variables homogeneity is deﬁned from the
analogous requirement ϕ(λx) = λ−nϕ(x); in this case the class
of homogeneous functions is much larger. Euler’s theorem
states that a function is homogeneous of degree −n if and only
if it obeys x·∇ϕ(x) = −nϕ(x). Perfect WU correlation, i.e., R =
1 and equality in eq 6, thus implies that U(R) is homogeneous
with n = 3γ (compare eq 3).
By deﬁnition42 a statistical-mechanical system exhibits hidden
scale invariance if it for certain functions of density h(ρ) and
g(ρ) obeys
U (R) ≅ h(ρ)Φ̃(R̃ ) + g (ρ)

⎛ U (R1) ⎞
⎛ U (R 2) ⎞
exp⎜ −
⎟ ≅ C12 exp⎜ −
⎟
⎝ kBT1 ⎠
⎝ kBT2 ⎠

Equation 13 implies identical canonical probabilities of
conﬁgurations with the same reduced coordinates. By
deﬁnition, two state points (ρ1, T1) and (ρ2, T2) are isomorphic
whenever eq 13 applies for all their physically relevant
conﬁgurations;41 for molecular systems isomorphs are deﬁned
by scaling the centers of masses while keeping the molecules’
sizes and orientations unchanged.33 This deﬁnes a mathematical equivalence relation in the thermodynamic phase diagram,
the equivalence classes of which are continuous curves termed
“isomorphs”.
The only systems that obey eq 13 with an equality sign for all
conﬁgurations are those with a homogeneous potential-energy
function, in which case C12 = 1. Realistic systems thus have only
approximate isomorphs and C12 ≠ 1. The latter fact is why
C(ρ) in eq 2 and g(ρ) in eq 10 are never zero for realistic
systems.
As a consequence of identical canonical probabilities, two
isomorphic state points have the same excess entropy.41 In
other words, an isomorph is a conﬁgurational adiabat.
Requiring identical canonical probabilities of pairs of scaled
conﬁgurations is, however, much stronger than requiring
identical excess entropy of two state pointsall systems have
conﬁgurational adiabats, but only some have isomorphs.
Since the constant K in the derivation of eq 13 determines
the isomorph, the state points of an isomorph are given43,44 by

(10)

Here Φ̃ is a dimensionless function of the dimensionless
variable R̃ , i.e., a function that involves no lengths or energies.
The approximate equality eq 10 deﬁnes when a system is a
Roskilde (R) system at the state point in question. This is not
required to apply for all (micro)conﬁgurations as long as it
works for the physically relevant ones, i.e., those that are
important for the structure and dynamics.
C. Consequences of Hidden Scale Invariance. The
recently derived hidden-scale-invariance identity (eq 10) distills
a number of previously identiﬁed properties of R systems into a
single equation. This section shows that eq 10 implies (1)
strong virial potential-energy correlations, (2) an expression for
the “density-scaling exponent” γ of eq 6 in terms of h(ρ), (3)
the existence of isomorphs, (4) an equation for the isomorphic
curves in the thermodynamic phase diagram, (5) a thermodynamic separation identity, and (6) a diﬀerential-geometric
property.
Regarding the ﬁrst two points, eqs 9 and 10 imply W(R) ≅
(dh/d ln ρ)Φ̃(R̃ ) + dg/d ln ρ. Eliminating Φ̃(R̃ ) in this
expression leads to
W (R) ≅ γ(ρ)U (R) + ϕ(ρ)

h(ρ)
=K
kBT

d ln h
d ln ρ

(14)

Because K via the isomorph is a function of the excess entropy
per particle, we can write K = 1/f(sex) and thus43

kBT = f (sex )h(ρ)

(15)

This thermodynamic separation identity is mathematically
equivalent to the average of eq 11.4,43
The ﬁnal characterization of R systems refers to their
reduced-coordinate, constant-potential-energy hypersurfaces
deﬁned by Ω̃ ≡ {R̃ | U(ρ−1/3R̃ ) = ⟨U⟩}.41,45 Generally, these
high-dimensional compact Riemannian diﬀerentiable manifolds
are parametrized by the two thermodynamic coordinates. For a
system with hidden scale invariance, however, the Ω̃-manifolds
are characterized by just one parameter because eq 10 implies
that

(11)

in which
γ (ρ ) =

(13)

(12)

and ϕ(ρ) = −γ(ρ)g(ρ) + dg/d ln ρ. Note that eq 11 is the
microscopic, conﬁguration-space version of the Grüneisen
equation of state (eq 2). Note also that eq 11 implies that a
change of density results in the entire potential-energy surface
simply undergoing a linear aﬃne transformation (compare the
ﬁgure in the abstract).
Averaging eq 11 at a given state point and subtracting this
from eq 11 itself leads to ΔW(R) ≅ γ(ρ)ΔU(R). Thus, hidden
scale invariance implies strong correlations between the
constant-volume equilibrium ﬂuctuations of virial and potential

Ω̃ = {R̃ | Φ̃(R̃ ) = Const. }

(16)

D. Fundamental Isomorph Prediction: Invariance of
Structure and Dynamics. If two state points (ρ1, T1) and (ρ2,
T2) are isomorphic, they have the same structure and dynamics
in reduced units (to a good approximation).41 This result,
which applies generally for both atomic and molecular systems,
10010
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Figure 2. (a) Direct isomorph check method applied to the asymmetric dumbbell model (a large and a small LJ particle connected by a rigid bond).
Simulations were carried out at (ρ1, T1) = (0.868, 0.309) in LJ units from which all conﬁgurations were scaled to ρ2 = 0.999. The isomorph
temperature T2 is calculated from the best-ﬁt line slope as T2 = 2.24 * T1 = 0.693. Reprinted with permission from T. S. Ingebrigtsen et al., J. Phys.
Chem. B 2012, 116, 1018. Copyright 2012. American Chemical Society. (b) The direct isomorph check applied to the LJ face-centered cubic crystal
for a doubling of the density, starting at ρ1 = 1.2 and T1 = 1. In this case T2 = 21.14 * T1 = 21.14. The blue dashed line of slope 16 is the prediction of
the repulsive r−12 term of the LJ potential. Reproduced from D. Albrechtsen et al., 2014, arXiv:1406.1911. Published under CC license.

Waals bonded and metallic systems exhibit hidden scale
invariance.23,47 This is consistent with the generally recognized
fact that systems dominated by van der Waals interactions or
metallic systems are regular in their structure and dynamics and
have few anomalies.48 On the other hand, simulations reveal
that hidden scale invariance is incompatible with directional
interactions, so most or all hydrogen-bonded and covalently
bonded systems are not expected to be Roskilde simple. The
same applies for most or all strongly ionic or dipolar systems,
whereas the isomorph theory does seem to work well for
weakly ionic or dipolar systems.
How about polymeric systems and, more generally, systems
with signiﬁcant intramolecular degrees of freedom? Even such
apparently complex systems may exhibit hidden scale
invariance; in fact, for most polymers the ﬂuctuations bear
little signature of the chain-molecular structure. This indicates
that van der Waals bonded polymers may generally exhibit
hidden scale invariance; indeed recent simulations of the rigidbond ﬂexible LJ-chain model, a polymer toy model, show that it
has nice isomorphs.34
The above wording was deliberately somewhat vague because
more work is needed before a full overview is at hand. Part of
this work is to identify the signatures of hidden scale invariance.
This is the focus of the next section.

is for simplicity derived here only for an atomic system. First,
we rewrite Newton’s second law for the ith particle, mir̈i = Fi, in
terms of reduced coordinates. Deﬁning by reference to eq 7 m̃ i
≡ mi/m where m is the average particle mass, rĩ ≡ ri/l0, t ̃ ≡ t/t0,
and F̃i ≡ Fi/(e0/l0), Newton’s law becomes m̃ irï̃ = F̃i where the
dots denote derivatives with respect to the reduced time.
Likewise, in reduced coordinates the equipartition identity
mi⟨ṙ2i ⟩/2 = 3kBT/2 becomes m̃ i⟨r2i̇̃ ⟩/2 = 3/2.
For all state points the equations of motion, as well as the
average kinetic energy, thus have identical appearance when
written in terms of reduced coordinates. This does not by
necessity imply the same structure and dynamics, however,
because at diﬀerent state points the reduced force is generally
not the same function of the reduced coordinates. However, for
isomorphic state points this is the case: eq 13 implies U(R1)/
kBT1 = U(R2)/kBT2 + Const. for any two physically relevant
conﬁgurations of the state points (ρ1, T1) and (ρ2, T2) with the
same reduced coordinates. Since ∇1 = (ρ1/ρ2)1/3∇2 = (l(2)
0 /
l(1)
0 )∇2, we ﬁnd by application of −∇1 to the above relation that
(2) (1)
(2)
̃
̃
F1/e(1)
0 = (l0 /l0 )F2/e0 , i.e., F1 = F2. Thus, for isomorphic
state points the reduced force is the same function of the
reduced coordinates.
This ﬁnishes the proof that Newton’s second law is isomorph
invariant. It is straightforward to show that Brownian dynamics
likewise is isomorph invariant.41 The physics is that the atomic
or molecular paths at isomorphic state points are (approximately) identical, except for uniform scalings of space and
time. It follows that all measures of structure and dynamics in
reduced units are isomorph invariant. This implies invariance of
a number of quantities in reduced units, e.g., the excess entropy,
the excess isochoric speciﬁc heat, the viscosity, the instantaneous shear modulus, normalized time-autocorrelation functions, etc. (for details, see ref 41). It is important to realize that
not all reduced quantities are isomorph invariant; this follows
from the fact that generally g(ρ) ≠ 0 in eq 10. Examples of
noninvariant quantities are the reduced free energy, pressure,
and bulk modulusin particular the reduced equation of state
is not isomorph invariant.
E. Which Condensed-Matter Systems Exhibit Hidden
Scale Invariance? Whether or not a system is a Roskilde
system depends on the nature of the interactions involved.46
On the basis of extensive computer simulations of various
model systems we have suggested that most or all van der

IV. EVIDENCE FOR HIDDEN SCALE INVARIANCE
This section presents direct and indirect evidence that a sizable
fraction of condensed matter has the approximate symmetry we
term hidden scale invariance. In simulations it is easy to check
for this by calculating the virial potential-energy correlation
coeﬃcient R of eq 5 at the state points in question. This is not
possible in experiments, where the evidence for hidden scale
invariance is typically of an a posteriori nature.
First, we address the question how isomorphic state points
are identiﬁed.
A. How to Identify Isomorphs? In simulations a safe, but
somewhat tedious, method makes use of the fact that
isomorphs are conﬁgurational adiabats; an example of an
isomorph traced out in this way is the blue curve in Figure 1(c).
In conjunction with the following identity for the γ of eqs 6 and
1241
10011

dx.doi.org/10.1021/jp501852b | J. Phys. Chem. B 2014, 118, 10007−10024

The Journal of Physical Chemistry B

Feature Article

Figure 3. (a) Radial distribution function gAA(r) for the large (A) particles of the asymmetric dumbbell model along an isomorph. Reprinted with
permission from T. S. Ingebrigtsen et al., J. Phys. Chem. B 2012, 116, 1018. Copyright 2012. American Chemical Society. (b) Radial distribution
function for the face-centered cubic LJ crystal. The upper ﬁgure gives g(r) for seven isomorphic state points with more than a factor of 2 density
variation. The two lower ﬁgures show results for the corresponding isochores and isotherms. Reproduced from D. Albrechtsen et al., 2014,
arXiv:1406.1911. Published under CC license. (c) Occurrence of the so-called 11A bicapped square antiprism clusters, the prevalent structure in the
KABLJ supercooled liquid, along three isomorphs. Reprinted with permission from A. Malins et al., J. Chem. Phys. 2013, 139, 234505. Copyright
2013, American Institute of Physics.

⎛ ∂ ln T ⎞
⟨ΔW ΔU ⟩
γ=⎜
⎟ =
∂
ρ
ln
⎝
⎠S
⟨(ΔU )2 ⟩
ex

system, for instance, there are just two parameters in h(ρ), α6
and α12. Since the overall normalization of h(ρ) is arbitrary,
only one of these needs to be determined, which is easily done
from the ﬂuctuations at a single state point by combining eqs
12 and 17.43,44 Once h(ρ) has been determined, the isomorphs
are given by eq 14. This method generally works well,43,44 but
we have found that the highest accuracy is obtained when the
function h(ρ) is slightly modiﬁed from isomorph to
isomorph.49
In experiments a conﬁgurational adiabat cannot be
determined directly. For glass-forming liquids, which are highly
viscous and have relaxation times that vary many orders of
magnitude, isomorphs may be identiﬁed with the lines of
constant relaxation time, the so-called isochrones. This is
because the reduced relaxation time is an isomorph invariant,
and the diﬀerence between reduced and real relaxation time is
insigniﬁcant for such systems. In practice, viscous-liquid
isochrones are often determined as the lines along which the
dielectric loss-peak frequency is constant.14−16,50 For less
viscous liquids the viscosity is easier to measure. In this case
isomorphs may be identiﬁed as curves of constant reduced
viscosity; here the diﬀerence between real and reduced units
cannot be ignored.51−54
B. Isomorph Invariance of Structure and Dynamics in
Simulations. Figures 3 and 4 present simulation data showing
that structure and dynamics to a good approximation are
invariant along the isomorphs when given in reduced units.
Figure 3(a) gives results for the reduced-unit radial distribution

(17)

this is used as follows. At the initial state point the right-hand
side is evaluated from an equilibrium NVT simulation. If
density is increased, e.g., by 1%, the temperature increase
required to arrive at the isomorphic state point is γ%. By
iteration this may be continued indeﬁnitely, but it is advisible to
keep track of the correlation coeﬃcient R in the process.
There are two “long-jump” methods allowing for larger
density changes in simulations of systems with hidden scale
invariance. One is the so-called direct isomorph check41 that
works as follows. Suppose the system is at the state point (ρ1,
T1) and that one wishes to change density to ρ2 isomorphically.
For a simulation at (ρ1, T1) one plots U[(ρ1/ρ2)1/3R1] versus
U(R1) for several conﬁgurations. According to the logarithm of
eq 13 the slope of the best ﬁt line of the resulting scatter plot is
T2/T1 (Figure 2). The direct isomorph check method is not
fool proof, though. It runs into problems whenever U(R1) and
U[(ρ1/ρ2)1/3R1] are not highly correlated, which typically
happens for large density changes. In that case consistency is
not ensured, i.e., starting at (ρ2, T2) and making the reverse
jump via the direct isomorph check, the temperature arrived at
is not precisely T1.
The second long-jump method is limited to atomic systems
with pair potentials of the form v(r) = ∑nεn(r/σ)−n. For such
systems the function h(ρ) inherits the analytical structure of
v(r) in the sense that h(ρ) = ∑nαnεn(ρσ3)n/3.43,44 For the LJ
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Figure 4. (a) Incoherent intermediate scattering function as a function of time for the large (A) particle of the KABLJ liquid along four isomorphs
evaluated at the wavevector corresponding to the peak of g(r). Reproduced from L. Bøhling et al., New J. Phys. 2012, 14, 113035. © 2012 IOP
Publishing Ltd. and Deutsche Physikalische Gesellschaft. Published under a CC BY-NC-SA license. (b) and (c) The same quantity for the rigid-bond
ﬂexible LJ-chain (LJC) model with ten monomers, based on the segmental, center-of-mass, and end-to-end vectors, respectively. (b) Data along an
isomorph and (c) data along an isotherm. Reproduced from A. A. Veldhorst et al., 2013, arXiv:1307.5237. Published under CC license. (d) Atomic
mean-square displacement as a function of time of a 1048 site face-centered cubic LJ crystal with eight atoms removed to allow for vacancy jump
dynamics, along an isomorph, an isochore, and an isotherm. Reproduced from D. Albrechtsen et al., 2014, arXiv:1406.1911. Published under CC
license.

Figure 4(b) shows data for the rigid-bond ﬂexible LJ-chain
model’s incoherent intermediate scattering functions of the
segmental, center-of-mass, and end-to-end vectors, respectively,
whereas Figure 4(c) shows analogous data along the isotherms.
Finally, Figure 4(d) shows data for the dynamics of the LJ
crystal with vacancy diﬀusion; isomorph invariance has also
been demonstrated for the LJ crystal’s phonon dynamics (data
not shown).26 Altogether, the dynamics is nicely isomorph
invariant.
C. Density Scaling. Much of the experimental evidence for
hidden scale invariance comes from studies of glass-forming
liquids and polymers, which have extreme sensitivity of the
dynamics to density and temperature. The evidence is based on
the so-called power-law density-scaling relation,14,15,58 which
for a system with hidden scale invariance is justiﬁed as follows.
Since density in most experiments varies by less than 10%, one
can usually ignore the density dependence of γ. This amounts
to making the approximation h(ρ) ∝ ργ with a constant γ,
which according to eq 14 implies that the isomorphs
(isochrones) are given by ργ/T = Const. This in turn implies
that the (reduced) relaxation time is a function of ργ/T. In
analyzing experimental data, power-law density scaling is

function of the large (A) particles of the asymmetric dumbbell
model for ﬁve isomorphic state points. Clearly, the structure is
invariant to a good approximation.
Approximate isomorph invariance has been demonstrated for
the structure of many systems, including several LJ-type atomic
liquids, the Buckingham-potential system, dumbbell systems,
the Lewis−Wahnström OTP model, the rigid-bond ﬂexible LJ
chain model, etc.20,23,33,34,38,55,105 Not surprisingly, the closer
the correlation coeﬃcient R is to unity, the better is the
structure preserved along an isomorph. This is conﬁrmed by
Figure 3(b) showing data for the single-component facecentered cubic LJ crystal that generally has R > 0.99.26
How well isomorph invariance of the structure is obeyed
depends on which structural characteristic is in focus. This is
clear from Figure 3(c) that gives data for the occurrence of the
prevalent local structure of the Kob−Andersen binary LJ
(KABLJ) system.56,57 Signiﬁcant deviations from isomorph
invariance are seen in particular at the lowest-pressure state
point (ρ = 1.2).
Consider next the dynamics. Figure 4(a) shows simulation
data for the incoherent intermediate scattering function as a
function of time for the KABLJ system along four isomorphs.
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Figure 5. (a) Relaxation time data for the BMP-BB ionic liquid as a function of 1/(TVγ). Inset: The volume dependence of the glass-transition
temperature used for determining γ (= 3.7). Reprinted with permission from M. Paluch et al., J. Phys. Chem. Lett. 2010, 1, 987. Copyright 2010.
American Chemical Society. (b) and (c) Relaxation times for several small molecule and polymeric systems, respectively. For each system the
density-scaling exponent γ was found by a best ﬁt procedure; the data collapse shows that power-law density scaling applies. Reprinted with
permission from C. M. Roland, Macromolecules 2010, 43, 7875. Copyright 2010. American Chemical Society. (d) Power-law density scaling of the
heat capacity in simulations of Lewis−Wahnström OTP. Left: Raw data. Right: same data plotted as a function of T/ργ in which γ = 7.9 was
determined from the ﬂuctuations at a single state point via eq 17. Reprinted from U. R. Pedersen et al., J. Non-Cryst. Solids 2011, 357, 320, Copyright
2011, with permission from Elsevier.

Figure 6. (a) Dielectric loss-peak half widths as functions of temperature along isochrones for six supercooled organic liquids. The blue symbols are
hydrogen-bonding liquids, which are not expected to obey isochronal superposition according to which the half width is constant along an isochrone.
The four other liquids are van der Waals bonded, expected to obey hidden scale invariance and thus isochronal superposition. Reprinted with
permission from L. A. Roed et al., J. Chem. Phys. 2013, 139, 101101. Copyright 2013, American Institute of Physics. (b) Number of correlated
molecules as a function of the relaxation time for four diﬀerent systems at various temperatures and pressures ranging from ambient to 500 MPa. The
observed collapse is predicted by the isomorph theory since both quantities are isomorph invariant. Reprinted with permission from D. Fragiadakis et
al., J. Phys. Chem. B 2009, 113, 13134. Copyright 2009. American Chemical Society.
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Figure 7. (a) Relaxation times derived from the orientational correlation function and the coherent intermediate scattering function of the symmetric
dumbbell model as functions of the excess entropy. Reprinted with permission from R. Chopra et al., J. Chem. Phys. 2010, 133, 104506. Copyright
2010, American Institute of Physics. (b) Experimental data for the reduced viscosity at diﬀerent temperatures and pressures plotted against excess
entropy for ﬁve nonassociated systems. The metal data are taken along the liquid−vapor equilibrium line. The dashed line is the exponential entropy
dependence Rosenfeld deduced from his 1977 computer simulations.17 Reprinted with permission from E. H. Abramson and H. West-Foyle, Phys.
Rev. E 2008, 77, 041202. Copyright 2008 by the American Physical Society. (c) Data for the reduced diﬀusion constant of the Gaussian-core model
violating excess-entropy scaling. Reprinted with permission from Y. D. Fomin et al., Phys. Rev. E 2010, 81, 061201 (2010). Copyright 2010 by the
American Physical Society. (d) Data for the relaxation time of the asymmetric dumbbell model, showing that the isochoric speciﬁc heat collapses
data for diﬀerent densities and temperatures (in conﬁnement, as well as in the bulk). The two relaxation times plotted refer to diﬀerent wavevectors
of the incoherent intermediate scattering function. Reprinted with permission from T. S. Ingebrigtsen et al., Phys. Rev. Lett. 2013, 111, 235901.
Copyright 2013 by the American Physical Society.

as well as in simulations, it is necessary to use the more general
density-scaling relation eq 14.44,61,67,68
D. Isochronal Superposition. Isochronal superposition is
the intriguing observation that when pressure and temperature
are varied for many systems the average relaxation time
determines the entire relaxation-time spectrum.16,69,70 This is
predicted by the isomorph theory because the invariance of
dynamics implies that both the average (reduced) relaxation
time and the relaxation-time spectrum are invariant along an
isomorph; i.e., one determines the other. Computer simulation
evidence for isochronal superposition is given in Figure 4,
showing that the relaxation time spectrum is isomorph
invariant, which implies in particular that the average relaxation
time determines the spectrum. In experiments isochronal
superposition has been found to apply for van der Waals
bonded liquids and polymers, whereas hydrogen-bonded
systems often disobey isochronal superposition14,15,50 (Figure
6(a)). A related ﬁnding is that the number of correlated
molecules in glass-forming van der Waals liquids (a quantity
that is generally believed to increase upon cooling71−74) at
diﬀerent temperatures and pressures is a unique function of the

investigated by empirically determining whether or not an
exponent γ exists that collapses data at diﬀerent temperatures
and pressures to be a function of the single variable ργ/T.
Figure 5 shows experimental data validating power-law
density scaling, where (a) shows data for a room-temperature
ionic liquid, (b) for small-molecule liquids, and (c) for
polymeric systems. That power-law density scaling also works
in computer simulations is illustrated in Figure 5(d). In this
case γ is not an empirical parameter but determined from eq 17
via a simulation at a single state point.
There are now experimental and simulation data demonstrating power-law density scaling for more than 100 diﬀerent
systems.14,15 These include data for small-molecule systems,
polymers, hydrocarbons,51,59 liquid crystals,60 etc. The general
picture is that power-law density scaling works well for van der
Waals bonded liquids and polymers but not for hydrogenbonded systems.14,15,58,61
Interesting connections of density scaling to a system’s elastic
properties have been proposed,62−65 but it should be
mentioned that there are also theories connecting density
scaling to excess-entropy scaling without invoking isomorphs.66
Finally, we note that for large density changes, in experiments
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Figure 8. (a) Translational order parameter τ versus the orientational order parameter Q6 for the LJ system. Both quantities are isomorph invariant,
which explains the collapse. Reprinted with permission from J. R. Errington et al., J. Chem. Phys. 2003, 118, 2256. Copyright 2003, American Institute
of Physics. (b) Translational order parameter t versus orientational order parameter q for a silica model in which case there is no collapse. Reprinted
with permission from M. S. Shell et al., Phys. Rev. E 2002, 66, 011202. Copyright 2002 by the American Physical Society.

relaxation time.58,75 Data conﬁrming this are shown in Figure
6(b).
E. Excess Entropy Scalings. In 1977 Rosenfeld presented
results from those times’ fairly primitive computer simulations
of a number of model liquids, showing that the reduced
diﬀusion constant is a function of the excess entropy.17 He
justiﬁed what is now known as excess-entropy scaling by
reference to the hard-sphere (HS) system: the fact that all
reduced-unit properties of the HS system are uniquely
determined by the packing fractiona single numberimplies
excess-entropy scaling. For many years this intriguing discovery
received limited attention, but in the past decade many more
systems conforming to excess entropy scaling have been
reported.76−78 An example is given in Figure 7(a). Experimental
data conﬁrming excess-entropy scaling are given in Figure 7(b);
there are similar data for nitrogen and methane.79,80
Not all systems conform to excess-entropy scaling.
Exceptions are water models, the Gaussian core model (Figure
7(c)), the Hertzian model, the soft repulsive-shoulder-potential
model, models with ﬂexible molecules, etc.40,81−87 Notably,
these models all have poor virial potential-energy correlations.
Indeed, for a Roskilde system, since both the excess entropy Sex
and the reduced diﬀusion constant D̃ are isomorph invariants,
one must have D̃ = D̃ (Sex). Thus, excess-entropy scaling is a
consequence of hidden scale invariance. In this argument the
excess entropy plays no special role, however, because any
other isomorph-invariant quantity likewise predicts D̃ or the
relaxation time. An example of this is provided in Figure 7(d),
which shows that the speciﬁc heat CVanother isomorph
invariant41“controls” the relaxation time of the asymmetric
dumbbell system to a good approximation.
Interestingly, some systems without hidden scale invariance,
e.g., Gaussian-core mixtures, the Widom−Rowlinson model,
and hard-sphere mixtures, though violating classical Rosenfeld
excess entropy scaling, conform to generalized excess-entropy
scaling laws.40,84,88,89 This shows that open questions remain in
the rich area of exploring how excess entropy connects to the
dynamics of complex ﬂuids.
We ﬁnally note that Dzugutov in 1996 showed that the twoparticle entropy S2 predicts the dynamics of several model
systems.90 For R systems this follows from the fact that S2 is an
isomorph invariant.41

F. Order-Parameter Maps. Debenedetti and co-workers
introduced a simple translational order parameter deﬁned by
r̃

∫0 c |g (r )̃ − 1|dr ;̃ 91,92 for orientational order diﬀerent order
parameters may be used. It turns out that for, e.g., the LJ system
the translational order parameter uniquely determines the
orientational order parameter (Figure 8(a)).92 This is expected
from the LJ system’s hidden scale invariance because both
order parameters are isomorph invariant. For water or silica
models, on the other hand, there is no collapse (compare
Figure 8(b)),93−95 conﬁrming that these are not R systems.
G. Thermoviscoelastic Response Functions and Unity
Prigogine−Defay Ratio. Strong virial potential-energy
correlations imply that the conﬁgurational parts of the
pressure−pressure, pressure−energy, and energy−energy time
correlation functions are (almost) proportional. Via the
ﬂuctuation−dissipation theorem this implies proportionality
of the imaginary parts of diﬀerent frequency-dependent
thermoviscoelastic response functions21,96 (compare the
simulation data in Figure 9). From these imaginary parts it is
possible to deﬁne a frequency-dependent Prigogine−Defay
ratio, which is predicted to be close to unity for systems with
hidden scale invariance.21,96 In the classical theory of the glass
transition, this corresponds to a so-called single-orderparameter description.96−100
Unfortunately, the relevant measurements are highly
demanding.101 A few data do exist, though, indicating that
the dynamic Prigogine−Defay ratio is indeed closer to unity for
van der Waals bonded liquids than for systems with hydrogen
bonds or strong dipolar interactions.102,103 Consistent with this
it was shown by Casalini and Roland that power-law density
scaling applies better the closer the standard “static” Prigogine−
Defay ratio is to unity.104
H. Aging and Isomorph Jumps. The ﬁrst papers on virial
potential-energy correlations and isomorphs dealt with thermalequilibrium states.20,23,41 It turned out, howeveras now
predicted by eq 11that strong WU correlations apply also for
aging following a temperature jump or during crystallization
(compare Figures 10(a) and (b)).
In a typical aging simulation one abruptly changes density
and temperature to new values, after which the system gradually
equilibrates. If such a jump takes place between two isomorphic
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adjustment of temperature, by eq 13 the states have the correct
Boltzmann probabilities.41 That this works in practice is
illustrated for the rigid-bond ﬂexible LJ-chain model in Figure
11(a). Such “isomorph jumps” have been performed in
simulations of a number of atomic and molecular liquids and
solids26,33,41,105 but remain to be demonstrated in experiments.
For any system with hidden scale invariance a density−
temperature jump can be thought of as a two-stage process.
Immediately after the jump the structure is that of the new
density’s isomorphic temperature since the Boltzmann
probabilities correspond to this temperature (eq 13). From
here on, as illustrated in Figure 11(b), the system ages
isochorically to the equilibrium state deﬁned by the annealing
temperature.

V. SOME FURTHER PROPERTIES OF SYSTEMS WITH
HIDDEN SCALE INVARIANCE
The existence of isomorphs for Roskilde systems may be
regarded as their “physical” characterization and the constantpotential-energy hypersurface characterization eq 16 as their
“mathematical” characterization. There is also a third,
“chemical” characterization: a system is an R system if and
only if interactions beyond the ﬁrst coordination shell (FCS)
play little role for the system’s structure and dynamics. This was
the conclusion from the extensive numerical evidence
presented in ref 47. We have no rigorous argument for this
FCS characterization of R systems, although it has been shown
to be consistent with the existence of isomorphs.47 Interestingly, the roles of the second and further coordination shells
have recently been discussed in relation to violations of excess
entropy scaling.106,107
Some further implications of hidden scale invariance are

Figure 9. Upper ﬁgure: Imaginary parts of the frequency-dependent,
negative isochoric speciﬁc heat, −c″v (ω), negative pressure coeﬃcient,
−βv″(ω), and inverse isothermal compressibility, (1/κT)″(ω), for the
asymmetric dumbbell model. Lower ﬁgure: The corresponding
dynamic Prigogine−Defay ratio deﬁned by Λ(ω) ≡ −cv″(ω)βv″(ω)/
[Tκ″T(ω)(β″v (ω))2] as a function of frequency, a quantity predicted to
be unity at all frequencies for a perfect R system. Reprinted with
permission from U. R. Pedersen et al., Phys. Rev. E 2008, 77, 011201.
Copyright 2008 by the American Physical Society.

state points, it brings the system instantaneously to equilibrium
because after the uniform scaling of all coordinates and

Figure 10. (a) Aging following a constant-density temperature down jump of the asymmetric dumbbell model, showing that virial potential-energy
correlations are present also in out-of-equilibrium situations. Reprinted with permission from T. B. Schrøder et al., J. Chem. Phys. 2009, 131, 234503.
Copyright 2009, American Institute of Physics. (b) Pressure and energy as functions of time during constant-volume crystallization of the Lewis−
Wahnström OTP model. Reprinted with permission from T. B. Schrøder et al., J. Chem. Phys. 2009, 131, 234503. Copyright 2009, American
Institute of Physics.
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Figure 11. (a) Potential energy as a function of time following a jump in the phase diagram of the rigid-bond ﬂexible LJ-chain model with ten
monomers. After an isomorph jump the system is instantaneously in equilibrium (black curve), which is not the case for the two other jumps (red
and green). Reproduced from A. A. Veldhorst et al., 2013, arXiv:1307.5237. Published under CC license. (b) Aging scenarios for generic jumps.
Following a change of density and temperature, the system initially has the structure corresponding to the new density and temperature isomorphic
to the initial state point; subsequently the system ages isochorically (vertical arrows). Reprinted with permission from N. Gnan et al., Phys. Rev. Lett.
2010, 104, 125902. Copyright 2010 by the American Physical Society.

• Hidden scale invariance gives rise to an “isomorph ﬁlter”
for general theories of viscous liquid dynamics, according
to which the relaxation time must be controlled by an
isomorph-invariant quantity.41
• The constant A of the Adam−Gibbs expression for the
relaxation time of glass-forming liquids, τ ∝ exp(A/
[TSc(T)]) in which Sc is the so-called conﬁgurational
entropy,108,109 was recently shown for the Kob−
Andersen binary Lennard−Jones system to scale with
density as required to make this expression isomorph
invariant.110
• Roskilde systems obey the Rosenfeld−Tarazona expression for the excess isochoric heat capacity, CV,ex ∝
T−2/5,83,111 better than systems in general112 (compare
Figure 5(d)).
• The equation of state of experimental supercritical argon
implies strong virial potential-energy correlations with
correlation coeﬃcient R ≅ 96%.20,25
• The concept of isomorphs may be extended to
nanoconﬁned systems.113
• Isomorphs may be also deﬁned for systems undergoing a
steady-state, linear, or nonlinear shear ﬂow.114
• The density dependence of the average stress of zerotemperature plastic ﬂows follows the predictions of the
power-law approximation to h(ρ),115−117 and recently
the more general h(ρ) scaling has been validated for the
statistics of plastic ﬂow events.118
An isomorph cannot cross the melting line because that
would violate the condition of identical canonical probabilities
of scaled conﬁgurations along the isomorph.41 Thus, if the
liquid and crystal phases both conform to hidden scale
invariance, the system’s isomorphs are parallel to the melting
line on both sides of it, in the (p, T) as well as in the (ρ, T)
phase diagramsin the latter case there is an entire region of
coexistence states, of course, the boundaries of which are both
isomorphs.41
The fact that the freezing and melting lines in the (ρ, T)
phase diagrams are isomorphs has a number of interesting
consequences, for instance that the constant-volume melting
entropy is pressure independent for a Roskilde system.
Likewise, the reduced viscosity, the radial distribution

function(s), etc., are invariant along the freezing line, and the
Lindemann melting criterion is invariant along the melting line.
Such regularities have been known for many yearsin
particular for metals and from simulations of various
modelssee, e.g., ref 13 and its references.
Single-phase melting or crystallization rules like the
Lindemann criterion12 are puzzling from a philosophical
point of view because the melting curve is where the free
energies of two phases are identicalhow can one phase know
about the free energy of the other? By referring to an isomorph
invariant of a single phase, however, such criteria make good
sense for R systems.

VI. OUTLOOK
A. Which Condensed-Matter Systems Are to Be
Regarded As Simple? A liquid or solid system is traditionally
deﬁned as simple if it consists of point-like particles interacting
via pairwise additive forces.5,18,48,119−123 It has turned out from
works of the last 10−20 years, however, that some such
systems, e.g., the Gaussian core model and the Lennard−Jones
Gaussian model,124 have quite complex physics. These cases
appear to always deal with systems of weak virial potentialenergy correlations in the relevant part of the phase
diagram,13,42 whereas systems with hidden scale invariance to
the best of the author’s knowledge never have anomalies.
At the opposite extreme of the simplicity scale one ﬁnds
water with its numerous anomalies125 and R ≅ 0 at typical state
points.20,23,24 The latter is a consequence of water’s density
maximum at which (∂p/∂T)V = 0: if (∂W/∂T)V = 0 then R =
0,23 and since the main contribution to the thermal pressure
coeﬃcient is conﬁgurational,25 water has R ≅ 0 at ambient
conditions. Thus, from the hidden-scale-invariance perspective,
water’s anomalous behavior is a consequence of its density
maximum.
B. Roskilde-Simple Systems’ Eﬀectively One-Dimensional Thermodynamic Phase Diagram. The existence of
isomorphs implies that the phase diagram is eﬀectively onedimensional with respect to all the isomorph invariant
quantities. Since the thermodynamic phase diagram is twodimensional, knowledge of a single isomorph invariant
identiﬁes the relevant isomorph, which implies knowledge of
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Figure 12. (a) Diﬀerent LJ potentials predicted by the isomorph theoryand conﬁrmed by simulationsto have the same physics to a good
approximation. For some of these potentials the attractive forces are entirely insigniﬁcant. Reproduced by permission from L. Bøhling et al., J. Phys.:
Condens. Matter 2013, 25, 032101. © 2013 IOP Publishing. All rights reserved. (b) The force on a particle as a function of time for the diﬀerent LJ
potentials evaluated along the same trajectory. Reproduced by permission from L. Bøhling et al., J. Phys. Condens.: Matter 2013, 25, 032101. © 2013
IOP Publishing. All rights reserved.

work is needed to get a full understanding of the causes and
consequences of hidden scale invariance.
As regards challenges to the isomorph theory, in relation to
power-law density scaling the theory predicts that the same
exponent γ controls the relaxation time as the melting line. This
was recently conﬁrmed from experimental data for systems of
rigid almost spherical molecules with no polar bonds but is not
the case for some ﬂexible and dipolar molecules, indicating that
certain systems in the latter class do not conform to hidden
scale invariance.132
Diﬀerent density-scaling exponents have also been reported
for the alpha relaxation time and for the Johari−Goldstein
beta/excess wing relaxation times,133,134 even for some van der
Waals bonded liquids (other workers report identical
exponents, though135). This contradicts the isomorph theory,
meaning either that the systems in question are not Roskilde
systems or that the secondary relaxation processes harbor the
deviations from ideality known to exist whenever R < 1.
The most widely used measure of dynamic heterogeneity,
χ4(t) of the NpT ensemble, has been found not to be invariant
along the isochrones for van der Waals systems,136,137
apparently violating isomorph invariance of the dynamics.
However, χ4(t) is an ensemble-dependent quantity, and an
isomorph invariant version of χ4(t) exists that was recently
found in experiment to be virtually constant along the
isochrones.138
Open problems include the following:
• Equations of state. Isomorph invariants include reducedunit temperature derivatives of the free energy but
neither the free energy itself nor any of its volume
derivatives. In particular, the reduced pressure is not an
isomorph invariant. On the basis of this one does not
expect the equation of state to reﬂect a given system’s
hidden scale invariance, but actually there are recent
interesting suggestions to the contrary.139−141 For LJtype systems one can say a lot about the connection
between W and U,142 which results in an equation of
state when combined with the Rosenfeld−Tarazona
relation CV,ex ∝ T−2/5.112,142 A related unresolved issue is
whether hidden scale invariance implies a principle of
corresponding states.5,18,143
• Excess-entropy scaling and generalizations. Some systems
obey generalized excess-entropy scaling laws without

all other isomorph invariants. For instance, for systems with
hidden scale invariance the excess entropy “controls” the
dynamics no more than any other isomorph-invariant quantity,
e.g., cV (Figure 7(d)) or the reduced instantaneous shear
modulus as in the shoving model.126−128
An eﬀectively one-dimensional phase diagram is also a
characteristic feature of the hard-sphere (HS) system which,
because U ≡ 0, does not conform to hidden scale invariance in
any reasonable sense of the term. The HS system is, however, a
limit of such systems, namely the n → ∞ limit of IPL systems.
Combined with quasiuniversality13 (section C below) the latter
property explains why the excess entropy provides an accurate
predictor of the HS system’s dynamics and how it is aﬀected by
conﬁnement.129
Berthier and Tarjus in 2009 opened an important discussion
into the roles of the attractive and repulsive pair forces.130,131
They did not dispute the conventional wisdom that the
repulsive part of the pair potential controls the structure, but
nevertheless demonstrated that ignoring the attractive pair
forces gives a much too fast dynamics in the supercooled liquid
state. In a continuation of this seminal work, however, the
theory of hidden scale invariance leads one to question the
standard paradigm of liquid-state theory according to which the
attractive and repulsive forces play entirely diﬀerent roles for
the physics: Since the physics of any pair-potential system with
v(r) = εϕ(r/σ) is a function of the two dimensionless variables
ρσ3 and kBT/ε, isomorph invariance may be reformulated to
the statement that dif ferent pair potentials have the same
physics at the same state point.55 As an illustration, Figure 12(a)
shows seven LJ potentials predicted to have the same structure
and dynamics, a prediction that is validated by simulations.55
Why can quite diﬀerent pair potentials deﬁne systems with
almost identical structure and dynamics (although the pressure,
of course, varies considerably)? The answer is that the
potentials give rise to almost the same forces.55 Thus, Figure
12(b) shows the x component of the force on one particle as a
function of time for the diﬀerent potentials, calculated along the
same trajectory. The point is that it is the total force on a given
particle that is relevant, not the individual pair forcesthere is
a lot of cancellation taking place when these are added
vectorially.
C. Some Challenges and Open Problems. We ﬁnally
discuss a few challenges and open problems, showing that more
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exhibiting strong WU correlations and classical Rosenfeld
excess-entropy scaling. Examples include polar liquids,
chains of LJ particles connected by springs, Gaussiancore mixtures, the Widom−Rowlinson model, some
tetrahedrally bonded systems, and hard-sphere mixtures.78,81,84,88,89,144−146 Why is this? One possible
explanation is that the hidden-scale-invariance identity
eq 10 may be generalized by replacing the potential
energy by a free-energy function deﬁned by integrating
out certain degrees of freedom, for instance harmonic
springs that model the covalent bonds. If this free-energy
function is denoted by F(R′, ρ, T) in which R′ is a
coarse-grained conﬁguration coordinate, the relevant
generalization of eq 10 is F(R′, ρ, T) ≅ h(ρ, T)Φ̃(R̃ ′)
+ g(ρ, T). Any systems for which this identity is obeyed
will have “pseudoisomorphs” in its phase diagram of
constant coarse-grained excess entropy given by h(ρ, T)/
T = Const. with many of the properties and invariants of
genuine isomorphs; at the same time the system may
have poor virial potential-energy correlations.
• Quasiuniversality. Quasiuniversality is the observation
that the physics of many monatomic systems is roughly
the same, an idea going back to Rosenfeld17 that has
recently been shown to apply also for stochastic
dynamics.147 In terms of hidden scale invariance,
quasiuniversality is the statement that the function Φ̃
of eq 10 is quasiuniversal: Φ̃(R̃ ) ≅ Φ̃0(R̃ ).42 Recent
works conﬁrming quasiuniversality include studies of
quasiuniversal melting criteria,148 various LJ-type potentials,149 plastic ﬂow-event statistics,118 and universally
growing length scales upon supercooling.39,150,151 The
standard argument for quasiuniversality is based on
representing the system in question by a HS reference
system.17,147,152−154 A recent alternative argument for
quasiuniversality13 refers to the so-called NVU dynamics,
which is geodesic dynamics on the constant-potentialenergy hypersurface.45
• Which systems have hidden scale invariance? Although it is
straightforward in simulations to evaluate the WU
correlation coeﬃcient R at the state points in question,
there is no theory for predicting R. And even when a
Roskilde system has been identiﬁed, there is no general
theory for calculating its scaling function h(ρ). An
exception to this is the case of monatomic pair-potential
systems, for which it was recently shown that one has to
a good approximation h(ρ) ∝ r20v″(r0) evaluated at the
most likely nearest-neighbor distance r0 ∝ ρ−1/3.49
• Do all systems become Roskilde simple at suf f iciently high
pressures? On the basis of computer simulations we have
conjectured that as p → ∞ all systems eventually exhibit
strong virial potential-energy correlations,155 although
simulations of a molten salt model appear to disprove the
generality of this conjecture.98 More work is needed to
clarify the situation.
D. Concluding Remarks. The theory of hidden scale
invariant systems does not fully answer any of the questions of
section IB, but it throws new light on them. Thus, the rules
involved in these questions appear to apply for all systems with
hidden scale invariance. This indicates the potential signiﬁcance
of the class of Roskilde systems and the hidden-scale-invariance
concept for getting a better understanding of the structure and
dynamics of condensed matter.
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